Strong decays of strange quarkonia in a corrected 3P0 model by de Quadros, J. N. et al.
ar
X
iv
:2
00
1.
08
70
8v
1 
 [h
ep
-p
h]
  2
3 J
an
 20
20
APS/123-QED
Strong decays of strange quarkonia in a corrected 3P0 model
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Extensively applied to both light and heavy meson decay and standing as one of the most successful
strong decay models is the 3P0 model, in which qq¯ pair production is the dominant mechanism. In
this paper we evaluate strong decay amplitudes and partial widths of strange S and D state mesons,
namely φ(1020), φ(1680), φ(2050), φ1(1850), φ2(1850) and φ3(1850), in the bound-state corrected
3P0 decay model (C
3P0). The C
3P0 model is obtained in the context of the Fock-Tani formalism,
which is a mapping technique.
PACS numbers: 11.15.Tk, 12.39.Jh, 13.25.-k
I. INTRODUCTION
The study of strangeonia should enter a new era with
the advent of the new Hall D photoproduction facility
GlueX at Jefferson Lab [1, 2]. The main goal of the
GlueX experiment is to search for and study hybrid and
exotic mesons which will provide the ideal laboratory for
testing QCD in the confinement regime. Another top
goal of GlueX is the exploration of the light meson spec-
trum, where interactions of hadrons with a photon beam
can be regarded as a superposition of vector mesons with
an important ss¯ component. In this sense, studies of
strange final states at GlueX should lead to considerable
improvement in our knowledge of the ss¯ spectrum.
Strange quarkonia are light (u, d, s) mesons with at
least one strange quark or antiquark in their dominant
qq¯ valence component. These are known as kaonia if
the dominant valence basis state is ns¯ (where n should
be understood as u, d), antikaonia if sn¯, and strangeonia
if ss¯. A principal goal of light meson spectroscopy is
the identification of exotica, which are resonances that
are not dominantly qq¯ states. These include glueballs,
hybrids, and multiquark systems.
In this sense, a great variety of quark-based models
are known that describe with reasonable success single-
hadron properties. A natural question that arises is
to what extent a model which gives a good descrip-
tion of hadron properties is, at the same time, able to
describe the complex hadron-hadron interaction or by
the same principles hadron decay. In the direction of
clarifying these questions is the successful decay model,
the 3P0 model, which considers only OZI-allowed strong-
interaction decays. This model was introduced over
thirty years ago by Micu [3] and applied to meson decays
in the 1970 by LeYaouanc et al. [4]. This description is a
natural consequence of the constituent quark model sce-
nario of hadronic states. Since the 3P0 model precedes
QCD and has no clear relation to it, one might expect
that a description of decays in terms of allowed QCD
∗ dimiter.hadjimichef@ufrgs.br; dimihadj@gmail.com
processes such as OGE might be more realistic. There
is strong experimental evidence that the qq¯ pair created
during the decay does have spin one as is assumed in the
3P0 decay model.
T. Barnes et al. [5]-[8] have made an extensive sur-
vey of meson states in the light of the 3P0 model. Two
basic parameters of their formulation are γ (the inter-
action strength) and β (the wave function’s extension
parameter). Although they found the optimum values
near γ = 0.5 and β = 0.4 GeV, for light 1S and 1P de-
cays, these values lead to overestimates of the widths of
higher-L states. In this perspective a modified qq¯ pair-
creation interaction, with γ = 0.4 was preferred. The
spectrum of meson resonances up to 2 GeV is only mod-
erately well determined. For strangeonia the they calcu-
lated a set of strong decays of a total of 43 resonances
into 525 two-body modes, with 891 numerically evalu-
ated amplitudes for all energetically allowed open-flavor
two-body decay modes of all ns¯ and ss¯ strange mesons
in the 1S, 2S, 3S, 1P , 2P , 1D and 1F multiplets [9].
In the present work, we shall concentrate on the φ
mesons, which are the strange S and D states, predicted
in the quark model, probable ss¯ resonances expected up
to 2.2 GeV. We employ a mapping technique in order to
obtain an effective interaction for meson decay. A par-
ticular mapping technique long used in atomic physics
[10], the Fock-Tani formalism (FTf), has been adapted,
in previous publications [13]-[18], in order to describe
hadron-hadron scattering interactions with constituent
interchange. Now this technique has been extended in
order to include meson decay [19, 20]. Starting with a
microscopic qq¯ pair-creation interaction, in lower order,
the 3P0 results are reproduced. An additional and inter-
esting feature appears in higher orders of the formalism:
corrections due to the bound-state nature of the mesons
and a natural modification in the qq¯ interaction strength.
In section II we review the basic aspects of the formal-
ism. Section III is dedicated to obtain an effective decay
Hamiltonian for a φ meson, where in subsection IIIA the
general amplitudes and decay widths are obtained with
numerical analysis in subsection III B. In section V are
the conclusions.
2II. MESON MAPPING AND THE C3P0 MODEL
A. Review of the Fock-Tani Formalism
This section reviews the formal aspects of the mapping
procedure and how it is implemented to quark-antiquark
meson states [13]. In the Fock-Tani formalism one starts
with the Fock representation of the system using field op-
erators of elementary constituents which satisfy canon-
ical (anti) commutation relations. Composite-particle
field operators are linear combinations of the elementary-
particle operators and do not generally satisfy canonical
(anti) commutation relations. “Ideal” field operators act-
ing on an enlarged Fock space are then introduced in
close correspondence with the composite ones. Next, a
given unitary transformation, which transforms the sin-
gle composite states into single ideal states, is introduced.
Application of the unitary operator on the microscopic
Hamiltonian, or on other hermitian operators expressed
in terms of the elementary constituent field operators,
gives equivalent operators which contain the ideal field
operators. The effective Hamiltonian in the new repre-
sentation has a clear physical interpretation in terms of
the processes it describes. Since all field operators in the
new representation satisfy canonical (anti)commutation
relations, the standard methods of quantum field theory
can then be readily applied.
The starting point is the definition of single composite
bound states. We write a single-meson state in terms of
a meson creation operator M †α as
|α〉 = M †α|0〉, (1)
where |0〉 is the vacuum state. The meson creation op-
erator M †α is written in terms of constituent quark and
antiquark creation operators q† and q¯†,
M †α = Φ
µν
α q
†
µq¯
†
ν , (2)
Φµνα is the meson wave function and qµ|0〉 = q¯ν |0〉 =
0. The index α identifies the meson quantum numbers
of space, spin and isospin. The indices µ and ν denote
the spatial, spin, flavor, and color quantum numbers of
the constituent quarks. A sum over repeated indices is
implied. It is convenient to work with orthonormalized
amplitudes,
〈α|β〉 = Φ∗µνα Φµνβ = δαβ . (3)
The quark and antiquark operators satisfy canonical an-
ticommutation relations,
{qµ, q†ν} = {q¯µ, q¯†ν} = δµν ,
{qµ, qν} = {q¯µ, q¯ν} = {qµ, q¯ν} = {qµ, q¯†ν} = 0. (4)
Using these quark anticommutation relations, and the
normalization condition of Eq. (3), it is easily shown that
the meson operators satisfy the following non-canonical
commutation relations
[Mα,M
†
β] = δαβ −Mαβ , [Mα,Mβ] = 0, (5)
where
Mαβ = Φ
∗µν
α Φ
µσ
β q¯
†
σ q¯ν +Φ
∗µν
α Φ
ρν
β q
†
ρqµ. (6)
A transformation is defined such that a single-meson
state |α〉 is redescribed by an (“ideal”) elementary-meson
state by
|α〉 −→ U−1|α〉 = m†α|0〉, (7)
where m†α an ideal meson creation operator. The ideal
meson operatorsm†α andmα satisfy, by definition, canon-
ical commutation relations
[mα,m
†
β ] = δαβ, [mα,mβ ] = 0. (8)
The state |0〉 is the vacuum of both q and m degrees of
freedom in the new representation. In addition, in the
new representation the quark and antiquark operators
q†, q, q¯† and q¯ are kinematically independent of the m†α
and mα
[qµ,mα] = [qµ,m
†
α] = [q¯µ,mα] = [q¯µ,m
†
α] = 0. (9)
The unitary operator U of the transformation is
U(t) = exp [t F ] , (10)
where F is the generator of the transformation and t a
parameter which is set to −π/2 to implement the map-
ping. The generator F of the transformation is
F = m†α M˜α − M˜ †αmα (11)
where
M˜α =
n∑
i=0
M˜ (i)α , (12)
with
[M˜α, M˜
†
β] = δαβ + O(Φn+1),
[M˜α, M˜β] = [M˜
†
α, M˜
†
β] = 0. (13)
It is easy to see from (11) that F † = −F which ensures
that U is unitary. The index i in (12) represents the
order of the expansion in powers of the wave function Φ.
The M˜α operator is determined up to a specific order n
consistent with (13).
The next step is to obtain the transformed operators in
the new representation. The basic operators of the model
are expressed in terms of the quark operators. Therefore,
in order to obtain the operators in the new representa-
tion, one writes
q(t) = U−1 q U, q¯(t) = U−1 q¯ U. (14)
Once a microscopic interaction Hamiltonian HI is de-
fined, at the quark level, a new transformed Hamiltonian
can be obtained. This effective interaction, the Fock-
Tani Hamiltonian (HFT), is obtained by the application
of the unitary operator U on the microscopic Hamiltonian
3HI , i.e., HFT = U−1HI U . The transformed Hamilto-
nian describes all possible processes involving mesons and
quarks. The general structure of HFT is of the following
form
HFT = Hq +Hm +Hmq, (15)
where the first term involves only quark operators, the
second one involves only ideal meson operators, and Hmq
involves quark and meson operators. In HFT there are
higher order terms that provide bound-state corrections
to the lower order ones. The basic quantity for these
corrections is the bound-state kernel ∆ defined as
∆(ρτ ;λν) = Φρτξ Φ
∗λν
ξ . (16)
The physical meaning of the ∆ kernel becomes evident, in
the sense that it modifies the quark-antiquark interaction
strength [13, 19]. The following two examples can clarify
the physical interpretation.
(1) First example: consider that the starting point is
a two-body microscopic quark-antiquark Hamiltonian of
the form
H2q = T (µ) q
†
µqµ + T (ν) q¯
†
ν q¯ν + Vqq¯(µν;σρ)q
†
µ q¯
†
ν q¯ρqσ
+
1
2
Vqq(µν;σρ)q
†
µq
†
νqρqσ +
1
2
Vq¯q¯(µν;σρ)q¯
†
µq¯
†
ν q¯ρq¯σ.
(17)
The transformation HFT = U−1H2q U is implemented
again by transforming each quark and antiquark operator
in Eq. (17), where a similar structure to Eq. (15) is
obtained. In free space, the wave function Φ of Eq. (2)
satisfies the following equation
H(µν;σρ)Φσρα = ǫ[α]Φ
µν
[α], (18)
where H(µν;σρ) is the Hamiltonian matrix
H(µν;σρ) = δµ[σ]δν[ρ] [T ([σ]) + T ([ρ])]
+Vqq¯(µν;σρ), (19)
ǫ[α] is the total energy of the meson. There is no sum
over repeated indices inside square brackets.
The effective quark Hamiltonian H2q has an iden-
tical structure to the microscopic quark Hamiltonian,
Eq. (17), except for inclusion of a term corresponding
to a modification in the quark-antiquark interaction as
follows
H2q = H2q + H¯qq¯ , (20)
with
H¯qq¯ = (−H∆−∆H +∆H∆) q†µq¯†ν q¯ρqσ (21)
where the contractions are H∆ ≡ H(µν; τξ)∆(τξ;σρ)
and ∆H ∆ ≡ ∆(µν; ζη)H(ζη; τξ)∆(τξ;σρ). An impor-
tant property of the bound-state kernel is
∆(µν;σρ)Φσρα = Φ
µν
α , (22)
which follows from the wave function’s orthonormaliza-
tion, Eq. (3). In the case that Φ is a solution of Eq. (18),
equation (20), reduces to
H2q = H2q − ǫβ Nβ (23)
where Nβ = M
†
βMβ is the number operator and the
following property holds: Nβ |α〉 = |β〉 .
The spectrum of the modified quark Hamiltonian,
H2q, is positive semi-definite and hence has no bound-
states [10]. To show this, consider an arbitrary state |α〉
formed from a pair quark and antiquark:
|α〉 = Ψµνα q†µq¯†ν |0〉 . (24)
The action of the Hamiltonian (23) on this state results
in
H2q|α〉 =
(
H2q − ǫβ Nβ
)
|α〉
= H2q|α〉 − ǫβ Φ∗µνβ Ψµνα |β〉 (25)
If |α〉, is one of the bound eigenstates of the microscopic
Hamiltonian then
H2q|α〉 =
(
ǫ[α] − ǫ[α]
)
|[α]〉 = 0 . (26)
On the other hand, if Ψµνα is orthogonal to all bound
states Φµνα then (25) reduces to
H2q|α〉 = H2q|α〉 . (27)
Let ψi α be the continuum (unbound, positive energy)
eigenstates of H2q, with energies εi α ≥ 0 . One can ex-
pand any Ψµνα in the form
Ψµνα =
∑
κ
cκΦ
µν
κα +
∑
i
ciψ
µν
i α , (28)
where (Φκ, ψi) = 0 . Then by (26) and (27)
H2q|α〉 =
∑
i
εi α ci ψ
µν
iα |µν〉 . (29)
Therefore,
〈α|H2q|α〉 =
∑
i
εi α|ci|2 , (30)
where it is evident that H2q is semi-definite positive and
therefore does not have quark-antiquark bound states.
(2) Second example: consider in the ideal meson sec-
tor Hm of equation (15), many approaches similar to the
Fock-Tani formalism [13] have obtained, for example, the
meson-meson scattering interaction in the Born approx-
imation: Resonating Group Method (RGM) [21], Quark
Born Diagram Formalism (QBDF) [22],
Hmm = Tmm + Vmm, (31)
where Tmm is the kinetic term and Vmm is the meson-
meson interaction potential with constituent interchange.
This potential is given by
Vmm = V
dir
mm + V
exc
mm + V
int
mm , (32)
4where V dirmm is the direct potential (no quark interchange),
V excmm the quark exchange term and V
int
mm the intra-
exchange term. As shown in Ref. [13] and [23], if one
extends the Fock-Tani calculation to higher orders a new
meson-meson Hamiltonian is obtained
H¯mm = Hmm + δHmm (33)
where δHmm is the bound-state correction Hamiltonian,
δHmm =
1
2
Φ∗µνα Φ
∗ρσ
β H(µν;λτ)∆(λτ ;µ
′σ′)Φµ
′σ
δ Φ
ρσ′
γ
+
1
2
Φ∗ρσα Φ
∗µν
β H(µν;λτ)∆(λτ ;µ
′σ′)Φρσ
′
δ Φ
µ′σ
γ
+
1
2
Φ∗µσα Φ
∗ρν
β ∆(µν;λτ)H(λτ ;µ
′ν′)Φµ
′ν′
δ Φ
ρσ
γ
+
1
2
Φ∗ρνα Φ
∗µσ
β ∆(µν;λτ)H(λτµ
′ν′)Φρσδ Φ
µ′ν′
γ .
(34)
If the wave function Φ is chosen to be an eigenstate of the
microscopic quark Hamiltonian, then the intra-exchange
term V intmm is cancelled exactly:
V intmm + δHmm = 0. (35)
In summary, these examples reveal an important and
common feature of these corrections to the leading order:
they modify the microscopic potential in the presence of
bound-states.
B. Meson decay in the Fock-Tani Formalism
In the present calculation, the microscopic interaction
Hamiltonian is a pair creation Hamiltonian Hqq¯ defined
as
Hqq¯ = Vµν q
†
µq¯
†
ν , (36)
where in (36) a sum (integration) is again implied over
repeated indexes [19]. The pair creation potential Vµν is
given by
Vµν ≡ g δcµcνδfµfν δ(~pµ + ~pν) u¯sµ(~pµ) vsν (~pν), (37)
with g = 2mq γ , where γ is the pair production strength
and the indexes cµ, fµ, sµ are of color, flavor and spin.
The pair production is obtained from the non-relativistic
limit ofHqq¯ involving Dirac quark fields [5]. Applying the
Fock-Tani transformation toHqq¯ one obtains the effective
Hamiltonian that describes a decay process. In the FTf
perspective a new aspect is introduced to meson decay:
bound-state corrections. The lowest order correction is
one that involves only one bound-state kernel ∆. The
bound-state corrected, C3P0 Hamiltonian, is
HC3P0 = −Φ∗ρξα Φ∗λτβ Φωσγ V C3P0m†αm†βmγ , (38)
where V C3P0 is a condensed notation for
V C3P0 =
(
δ¯ + ∆¯
)
Vµν , (39)
where
δ¯ = δµλδνξδωρδστ
∆¯ =
1
4
[
δσξ δλµ ∆(ρτ ;ων) + δξν δλω ∆(ρτ ;µσ)
− 2δσξ δλω ∆(ρτ ;µν)
]
. (40)
The first term of (39), involving δ¯ is the usual 3P0 decay
potential. The following ∆¯ term, containing three ∆’s,
is the bound-state correction to the potential. In the
ideal meson space the initial and final states involve only
ideal meson operators |i〉 = m†γ |0〉 and |f〉 = m†αm†β|0〉.
The C3P0 amplitude is obtained by the following matrix
element,
〈f |HC3P0|i〉 = δ(~Pγ − ~Pα − ~Pβ)hC3P0fi (41)
The hC3P0fi decay amplitude is combined with relativistic
phase space, resulting in the differential decay rate
dΓγ→αβ
dΩ
= 2π P
Eα Eβ
Mγ
|hC3P0fi |2 (42)
which, after integration in the solid angle Ω, a usual
choice for the meson momenta is made: ~Pγ = 0 (P =
|~Pα| = |~Pβ |).
III. φ MESON DECAY
The previous section has outlined the essential aspects
of the C3P0 model and how it is obtained from the Fock-
Tani formalism, where the decay HamiltonianHC3P0 was
deducted. In this section the phenomenological Hamilto-
nian HC3P0 will be used in order to evaluate the n 3S1
decays φ(1020), φ(1680), φ(2050) with n = 1, 2, 3 and the
13DJ decays φ1(1850), φ2(1850) and φ3(1850) mesons.
A. Amplitudes and decay widths
In the following decay channels, that shall be studied,
some have been observed, with no available data, while
others are only theoretical [9, 24]:
(a) φ(1020)→ KK;
(b) φ(1680)→ KK, KK∗, ηφ;
(c) ‡ φ(2050) → KK, KK∗, K∗K∗, KK1(1270),
KK1(1400), KK
∗
0 (1430), KK
∗
2 (1430), KK
∗(1410),
KK(1460), ηφ, η′φ, ηh1(1380);
(d) ‡ φ1(1850)→ K∗K∗;
(e) ‡ φ2(1850)→ KK, KK∗, K∗K∗, ηφ;
(f) φ3(1850)→ KK, KK∗, K∗K∗, KK1(1270), ηφ,
5where the ‡ symbol indicates an unobserved state,
φ1(1850) is sometimes referred only as φ(1850) and K
∗
is actually K∗(892) from the Particle Data Group [24].
In the calculation of the decay amplitudes, the matrix
element is given by (41) where the decay Hamiltonian
(38) can be split into two parts: HC3P0 = Hm + δHm.
The the matrix element of first term, containing Hm, the
term without the bound-state correction, is given by
〈f |Hm| i〉 = −d1 − d2 (43)
where
d1 = Φ
∗ρν
α Φ
∗µλ
β Φ
ρλ
γ Vµν
d2 = Φ
∗µλ
α Φ
∗ρν
β Φ
ρλ
γ Vµν . (44)
The matrix element of the bound-state correction δHm,
is written as
〈f |δHm| i〉 = −
3∑
k=1
2∑
j=1
d kj (45)
where we introduce the following notation
d11 =
1
4
Φ∗ρσα Φ
∗µτ
β ∆(ρτ ;λν)Φ
λσ
γ Vµν
d12 =
1
4
Φ∗µτα Φ
∗ρσ
β ∆(ρτ ;λν)Φ
λσ
γ Vµν
d21 = −
1
2
Φ∗ρσα Φ
∗λτ
β ∆(ρτ ;µν) Φ
λσ
γ Vµν
d22 = −
1
2
Φ∗λτα Φ
∗ρσ
β ∆(ρτ ;µν) Φ
λσ
γ Vµν
d31 =
1
4
Φ∗ρνα Φ
∗λτ
β ∆(ρτ ;µσ)Φ
λσ
γ Vµν
d32 =
1
4
Φ∗λτα Φ
∗ρν
β ∆(ρτ ;µσ)Φ
λσ
γ Vµν . (46)
In dk1(2), the index k = 1, 2, 3 represents the first, second
and third term of the correction, respectively. As can be
seen in equations (43)-(46) the matrix elements depend
directly on the the wave functions Φµνα and the potential
Vµν . Considering as the fundamental degrees of freedom
color C , flavor f , spin χ and space Φ, the mesons wave
function can be written as product
Φµνα = C
cµcνf
fµfν
fα
χ
sµsν
Sα
Φnl(~Pα − ~pµ − ~pν) , (47)
allowing to calculate color, flavor and spin-space sepa-
rately. Details of (47) can be found in the appendix B.
This factorization of the wave function implies that equa-
tions (44) and (46) can also be put in a direct product
form of color, flavor and spin-space:
d1 = d
c
1 d
f
1 d
s−s
1 ; d2 = d
c
2 d
f
2 d
s−s
2 (48)
and
d11 =
1
4
d1c1 d
1f
1 d
1s−s
1 ; d
1
2 =
1
4
d1c2 d
1f
2 d
1s−s
2
d21 = −
1
2
d2c1 d
2f
1 d
2s−s
1 ; d
2
2 = −
1
2
d2c2 d
2f
2 d
2s−s
2
d31 =
1
4
d3c1 d
3f
1 d
3s−s
1 ; d
3
2 =
1
4
d3c2 d
3f
2 d
3s−s
2 . (49)
It is essential to note that the bound-state kernel defini-
tion, Eq. (16), has an implicit contraction in the ξ index,
which physically implies a sum over all species condi-
tion. In practice, this means that one should sum over
intermediate meson bound-states. Any of the respective
meson multiplet members can be considered in this sum.
In our calculations, due to the symmetry of problem, the
only possible states will have the following n 2S+1LJ and
isospin quantum numbers:
∣∣1 1S0〉 and I = 0 (type η,
η′) or
∣∣1 3S1〉 and I = 0 (type φ, ω). The bound-state
kernel ∆(µν; ρσ) will then be a sum over η, η′, φ and ω
intermediate states, which can be written explicitly as
∆(µν; ρσ) = ∆η(µν; ρσ) + ∆η′(µν; ρσ)
+ ∆φ(µν; ρσ) + ∆ω(µν; ρσ). (50)
The color amplitude factors of (48) and (49) can be cal-
culated directly with the definition (B11) and the color
part of (37), resulting in
dc1 = d
c
2 =
1√
3
. (51)
Proceeding similarly, for the bound-state correction one
has
d1c1 = d
1c
2 =
d 2c1
3
=
d 2c2
3
= d3c1 = d
3c
2 =
1
3
√
3
. (52)
This result is independent of which meson is involved,
Eqs. (51) and (52) are valid for all decay processes.
The flavor factor will be evaluated in the next section
for each case. General spin-space amplitude factors can
be obtained from the matrix element (48) and (49), apart
from a global momentum conservation δ. The contribu-
tion without the bound-state correction is
ds−s1 = −2 aij γ
∫
d3K χ∗i
(
~σ · ~K
)
χcj φ
∗
(
2 ~K + ~P
)
×φ∗
(
2 ~K + ~P
)
φ
(
2 ~K + 2 ~P
)
(53)
and the three terms with the bound-state correction are
d1s−s1 = −2 a1ij γ
∫
d3K d3q χ∗i
(
~σ · ~K
)
χcj φ
∗
(
2~q + ~P
)
×φ∗
(
2 ~K + ~P
) [
φ
(
~q + ~K + 2 ~P
)
φ∗
(
~q + ~K
)]
ξ
×φ (2~q)
d2s−s1 = −2 a2ij γ
∫
d3K d3q χ∗i
(
~σ · ~K
)
χcjφ
∗
(
2~q + ~P
)
×φ∗
(
2~q + ~P
) [
φ
(
2~q + 2 ~P
)
φ∗
(
2 ~K
)]
ξ
φ (2~q)
d 3s−s1 = −2 a3ij γ
∫
d3K d3q χ∗i
(
~σ · ~K
)
χcjφ
∗
(
2~q − ~P
)
×φ∗
(
2 ~K − ~P
) [
φ
(
~q + ~K − 2 ~P
)
φ∗
(
~q + ~K
)]
ξ
×φ (2~q) , (54)
where aij = χ
sρsν
α χ
sµsλ
β χ
sρsλ
γ is a number resulting from
the product of the meson’s spin wave functions involved
6in the decay. The coefficients a1ij , a2ij and a3ij are ob-
tained in a similar form and represent the first, second
and third bound-state correction term, respectively. Note
that the wave functions in-between brackets in (54) are
related to the bound-state kernel part and therefore it
is assumed there is an implicit sum over species with
ξ assuming the η, η′, φ, ω quantum numbers. The ds−s2
and dis−s2 amplitude factors are obtained simply by the
changing ~P → − ~P in (53)-(54).
B. Numerical results
1. General aspects
In this section, we present the numerical results for the
φJ (M) decay widths. The amplitudes can be written in
a general form
hC3P0fi =
γ
π1/4
Mfi (55)
whereMfi appears in appendix C. These amplitudes are
inserted in (42) and integrated over the solid angle Ω. In
order to calculate Mfi, the wave function must be de-
termined, knowing the spin and space quantum numbers
to be used, which are listed in table I. The spatial wave
functions are considered to be Gaussians characterized
by β parameter, which is the Gaussian’s width. Each
decay particle has its own β. For example, φ(1020) has
the width βφ, φ(1680) has βφ1680 and so on. The mesons
which are part of the bound-state kernel also have their
own widths, and are distinguished from others by the
notation βη∆ , βη′∆ , βφ∆ and βω∆ . To include all subpro-
n 2S+1LJ meson
1 1S0 η, η
′, K
1 3S1 φ(1020), K
∗
1 1P1 h1(1380)
1 3P0 K
∗
0 (1430)
1 3P2 K
∗
2 (1430)
1 3D1 φ1(1850)
‡
1 3D2 φ2(1850)
‡
1 3D3 φ3(1850)
2 1S0 K(1460)
2 3S1 φ(1680), K
∗(1410)
3 3S1 φ(2050)
‡
TABLE I. Spectroscopic notation n2S+1LJ , where ‡ is unde-
tected experimentally.
cesses in the results, it is necessary to multiply Γ by a
multiplicity factor F . For example, in φ → KK, the
possible subprocesses are: φ→ K+K− and φ→ K0K¯0.
Therefore, the multiplicity factor is F=2. The values of
F are listed in table II.
The masses were obtained from [24], with excep-
tion of φ(2050), φ1(1850), φ2(1850) that were extracted
from [9]: Mφ(1020) = 1.01945 GeV, Mφ(1680) = 1.680
GeV, Mφ(2050) = 2.050 GeV, Mφ1(1850) = 1.850 GeV,
Generic decay example F
φ→ (ns¯)(sn¯) φ3(1850)→ K
+K− 2
φ→ (ns¯)(sn¯)′ φ(1680)→ K+K∗− 4
φ→ (m)I=0 (m)I=0
(1) φ(2050)→ ηφ 1
TABLE II. Multiplicity factor F .
Mφ2(1850) = 1.850 GeV, Mφ3(1850) = 1.854 GeV, Mη =
0.54785 GeV, Mη′ = 0.95778 GeV, MK = 0.49367
GeV, MK∗ = 0.89166 GeV, MK1(1270) = 1.272 GeV,
MK1(1400) = 1.403 GeV, MK∗0 (1430) = 1.425 GeV,
MK∗2 (1430) = 1.4256 GeV, MK∗(1410) = 1.414 GeV,
MK(1460) = 1.460 GeV, Mh1(1380) = 1.386 GeV.
For the initial or final state mesons the Gaussian width
parameter is set to it’s characteristic value used for light
mesons, namely βi = 0.4 GeV [9, 19]. The pair pro-
duction strength parameter γ and the angle θ in (B9)
and (B10) were also set according to [9, 19] γ = 0.4 and
θ ≃ 35.3o ( cos θ =
√
2/3, sin θ =
√
1/3). The h1(1380)
meson is considered a pure nn¯ therefore the coefficients
in (B8) assume the values ch11 = 1/
√
2 and ch12 = 0. The
Gaussian widths βi, will remain as free parameters as
well as ci1 and c
i
2 coefficients in equation (B3) for the
bound-state kernel. The parameters c
η (η′)
i and c
η∆ (η
′
∆)
i
shall be a functions of the same mixing angle θp. Sim-
ilarly with c
φ (ω)
i and c
φ∆ (ω∆)
i , which are defined by an
angle θv. Thus the free parameters to be adjusted are:
θp, θv, θv(1680), θv 3 , βη∆ , βη′∆ , βφ∆ and βω∆ . Where θv,
θv(1680) and θv 3 are the mixing angles of φ(1020), φ(1680)
and φ3(1850), respectively.
2. S states
The φ(1020) is a natural candidate for the ss¯ state with
φ(1680) as radial excitation. One must note that the
decay of φ(1680) in KK and KK∗ is sometimes cited as
evidence that this state is ss¯. The free parameters, that
shall be varied, will be the wave functions width β and
the mixing angles. The decay of φ(1020)→ K+K− has a
partial width of 2.08±0.04 MeV. Following the predicted
values for the mixing angles [24], we varied θp between
−20o and −10o and θv between 26o and 35o. The βi∆ ’s
were varied in the range from 0.3 to 0.6 GeV.
The two best fits for this channel have values of θp =
−10o, θv = 35o, βη∆ = 2βη′∆ = 0.6 GeV , which we
shall call parameterization (a), resulting in Γ3P0 = 3.21
MeV and ΓC3P0 = 2.81 MeV A different parameteriza-
tion, which we shall call (b), has θp = −10o, θv = 26o,
4βη∆ = 3βη′∆ = 1.2 GeV, resulting in Γ3P0 = 2.38 MeV
and ΓC3P0 = 2.01 MeV.
The φ(1680) meson has a total Γtotexp = 150± 50 MeV,
the C3P0 model’s best fit yields a Γ
tot
C3P0 = 233.29 MeV,
which corresponds to the values: θv(1680) = 35
o, βη∆ =
0.6 GeV, βη′
∆
= 0.3 GeV, βφ∆ = 0.4 GeV and βω∆ =
0.6 GeV. The estimated channels are in table III.
From these results one can see that for φ(1020), the
7decay width is within the experimental range. The same
does not happen for φ(1680), where the total decay width
is above the experimental value. It should be noted that
in the literature there are results that indicate higher
experimental values: 211 ± 14 ± 19 MeV in [27] and
322± 77 ± 160 MeV in [28]. Another important experi-
mental result are the ratios ΓKK/ΓKK∗ = 0.07 ± 0.01
and Γηφ/ΓKK∗ ≈ 0.37 [24]. C3P0 model’s fit, yields
ΓKK/ΓKK∗ = 0.71 and Γηφ/ΓKK∗ = 0.19. The θv(1680)
angle is a measure of strangeness content of φ(1680). A
tentative solution to improve these ratios is to set this
angle for values beyond the 26o− 35o range. An increase
the angle can lower the total decay width into the range
of experimental values (150 ± 50GeV) and ΓKK/ΓKK∗
is also improved. However the ratio Γηφ/ΓKK∗ didn’t
improve. This inconsistency could be an indication that
the composition of φ(1680) is not well described and it
may be a mixture of the states 13D1 and 2
3S1, or may
have have hybrid components [24].
The φ(2050) is a 33S1 ss¯ vector state, to which an esti-
mated mass of 2.05 GeV is assigned, although this state is
actually not known at present. It should be important in
future spectroscopic studies because with 1−− quantum
numbers it can be made both in diffractive photoproduc-
tion and in e+e− annihilation. As a radial excitation
of ss¯ one can use the previous parameterizations. Due
to the fact that θv varies between 26
o and 35o, we shall
consider the extreme values and consider four sets of pa-
rameters. The results of these calculations are presented
in table IV and yields an average total C3P0 width of
Γ = 182.35± 3.13 MeV.
Γ 3P0 C3P0 C3P0 Exp
(MeV) (a) (a) (b)
KK 89.42 87.42 87.42
KK∗ 123.28 123.25 122.38
ηφ 21.63 26.81 23.49
Γtot 234.33 237.48 233.29 150± 50
TABLE III. Decay width of φ(1680) with θp = −10
o, θv =
26o, θv(1680) = 35
o, (a) 2βη∆ = 4βη′∆ = 3βφ∆ = 2βω∆ = 1.2
GeV and (b) 2βη∆ = 4βη′∆ = 4βφ∆ = 3βω∆ = 1.2 GeV.
3. D states
As well known φ3(1850) was first reported in K
−p →
φ3Λ at CERN’s bubble-chamber experiment [29]. Orig-
inally reported in KK and KK∗, with a total width
of 87+28−23 MeV and a relative branching fraction of
B(KK∗/KK) = 0.55+0.85−0.45 [24]. Following the same
strategy as in the case of the S-states, the φ3(1850)
parameters that resulted in the best fit are shown in
table V were: θp = −10o, θv = 26o, θv 3 = 35o,
βη∆ = 0.6 GeV, βη′∆ = 0.4 GeV, βφ∆ = 0.6 GeV and
βω∆ = 0.3 GeV. The C
3P0 branching fraction resulted
Γ 3P0 C3P0 C3P0 C3P0 C3P0
(MeV) (a) (1) (2) (3) (4)
KK 0.06 0.08 0.08 0.06 0.06
KK∗ 9.88 7.59 7.60 9.89 9.90
K∗K∗ 58.93 71.36 67.52 59.27 56.08
KK1(1270) 6.55 5.90 6.02 6.37 6.51
KK1(1400) 15.03 16.51 16.82 14.79 15.09
KK∗0 (1430) 0.00 0.00 0.00 0.00 0.00
KK∗2 (1430) 2.09 2.54 2.47 2.11 2.05
KK∗(1410) 46.72 36.33 34.91 47.34 45.50
KK(1460) 29.46 32.23 33.91 26.77 28.17
ηφ 10.44 9.49 9.57 10.11 10.20
η′φ 4.61 4.52 4.56 4.48 4.52
ηh1(1380) 0.00 0.08 0.07 0.00 0.00
Γtot 183.77 186.63 183.53 181.19 178.08
TABLE IV. Decay width of φ(2050), with θp = −10
o, θv =
26o and the parameterizations:
(a) θv(2050) = 35
o, 2βη∆ = 4βη′∆ = 4βφ∆ = 3βω∆ = 1.2 GeV,
(1) θv(2050) = 26
o, 2βη∆ = 4βη′∆ = 3βφ∆ = 2βω∆ = 1.2 GeV,
(2) θv(2050) = 26
o, 2βη∆ = 3βη′∆ = 2βφ∆ = 4βω∆ = 1.2 GeV,
(3) θv(2050) = 35
o, 2βη∆ = 4βη′∆ = 3βφ∆ = 2βω∆ = 1.2 GeV,
(4) θv(2050) = 35
o, 2βη∆ = 3βη′∆ = 2βφ∆ = 4βω∆ = 1.2 GeV.
Γ 3P0 C3P0 C3P0 Exp
(MeV) (a) (a) (b)
KK 46.28 46.04 45.76
KK∗ 6.02 6.02 6.08
K∗K∗ 35.24 35.26 33.58
KK1(1270) 0.98 0.97 0.92
ηφ 0.68 0.84 0.72
Γtot 89.20 89.03 87.06 87+28−23
TABLE V. Decay width of φ3(1850) θp = −10
o, θv = 26
o,
θv 3 = 35
o, with and the parameterizations:
(a) 2βη∆ = 4βη′∆ = 4βφ∆ = 3βω∆ = 1.2 GeV,
(b) 2βη∆ = 3βη′∆ = 2βφ∆ = 4βω∆ = 1.2 GeV.
in B(KK∗/KK) = 0.13, in accordance with the experi-
mental limit.
After fixing these parameters, it was possible to es-
timate the decay widths for the unobserved mesons
φ1(1850), φ2(1850). The estimates are shown in table
VI. Again four sets of parameters were considered in
these calculations. The average total C3P0 width’s es-
timates are Γ(φ1) = 0.595 ± 0.058 MeV and Γ(φ2) =
182.10± 15.87 MeV.
IV. COMPARING 3P0 AND C
3P0 MODELS
In our former study, in Ref. [20], decays in the light
1S and 1P sectors were analyzed and a comparison was
made with the usual 3P0 results. Specifically, the decay
processes: ρ → ππ, b1 → ωπ, a1 → ρπ, a2 → ρπ, h1 →
ρπ, f0 → ππ and f2 → ππ. One of the highlights of
this study was the fact that all of these channels had
83P0 C3P0 C3P0 C3P0 C3P0
(a) (1) (2) (3) (4)
Γ(φ1) (MeV)
K∗K∗ 0.54 0.67 0.63 0.56 0.52
Γ(φ2) (MeV)
KK 0.0 0.00 0.00 0.00 0.00
KK∗ 135.71 104.31 103.83 135.94 135.31
K∗K∗ 13.81 16.82 16.32 13.97 13.56
ηφ 50.74 45.14 46.05 48.12 49.05
Γtot(φ2) 200.26 166.27 166.20 198.03 197.92
TABLE VI. Decay widths of φ1(1850) and φ2(1850) with with
θp = −10
o, θv = 26
o and the parameterizations:
(a) θv2 = 35
o, 2βη∆ = 4βη′∆ = 4βφ∆ = 3βω∆ = 1.2 GeV,
(1) θv2 = 26
o, 2βη∆ = 4βη′∆ = 3βφ∆ = 2βω∆ = 1.2 GeV,
(2) θv2 = 26
o, 2βη∆ = 3βη′∆ = 2βφ∆ = 4βω∆ = 1.2 GeV,
(3) θv2 = 35
o, 2βη∆ = 4βη′∆ = 3βφ∆ = 2βω∆ = 1.2 GeV,
(4) θv2 = 35
o, 2βη∆ = 3βη′∆ = 2βφ∆ = 4βω∆ = 1.2 GeV.
experimental data. The model was adjusted in order to
minimize R, defined by
R2 =
7∑
i=1
[ai(γ, β)− 1]2 (56)
with ai(γ, β) = Γ
thy
i (γ, β)/Γ
exp
i . The comparison of the
3P0 model with C
3P0 implied in obtaining a minimum
value for (56) as a function of the parameters γ and β.
It was shown that the inclusion of the correction terms
reduced the R value. A clear demonstration that the
bound-state correction globally improves the fit. The
average difference between the predictions of 3P0 and
C3P0, in each individual channel, ranged from 1% to
14%. The higher differences were in the channels with
lighter mesons in the final state. In the heavier channels,
the leading order 3P0 is dominant and the bound-state
corrections represent an actual next to leading order cor-
rection.
In the present, we studied the strange S and D states
where data from individual channels are, in general, still
not known. In the best situation, only the total Γ has an
experimental value. Again a comparison was made be-
tween the theoretical predictions for 3P0 and C
3P0. For
example, in the decay of φ(1020) → KK, two fits were
presented with a difference of 14% between 3P0 and C
3P0.
Again, the impact of the correction was larger in a chan-
nel with lighter mesons. A qualitative interpretation con-
sists in observing that the tightly bound quark-antiquark
pair of lower states are affected in a larger extent by the
bound-state correction, when compared to their radial
excitation. In the heavier channels, as seen in tables III
to VI, this effect is clear and the discrepancy falls again
to about 1%. Similar to the case of the heavier mesons
of 1S and 1P sectors studied in [20].
V. CONCLUSIONS
In this paper, we have concentrated on the φ mesons,
which are the strange S and D states, predicted in the
quark model, as probable ss¯ resonances expected up to
2.2 GeV. The central body of this study was to employ
the Fock-Tani formalism, a field-theoretic mapping tech-
nique in order to obtain an effective interaction for me-
son decay. We have outlined the essential aspects of the
C3P0 model, the bound-state corrected
3P0 model, and
how it is obtained from the Fock-Tani formalism, where
the decay Hamiltonian HC3P0 was deducted.
This work is intended as a modest guide for future ex-
perimental studies of meson spectroscopy that may be-
come possible with the advent of the new Hall D pho-
toproduction facility GlueX at Jefferson Lab. The main
goal of the GlueX experiment is to search for and study
hybrid and exotic mesons. In this sense we have studied
6 ss¯ states, in which 3 were unobserved, presenting in-
teresting issues for future experimental studies involving
the conventional quark model states. The predicted to-
tal widths for these new, rather narrow states, that have
not been identified, are Γ(φ(2050)) = 182.35±3.13 MeV,
Γ(φ1) = 0.595± 0.058 MeV and Γ(φ2) = 182.10± 15.87
MeV.
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Appendix A: Physical nature of bound-state
corrections
The bound-state corrections are an essential aspect of
the Fock-Tani formalism, sometimes called orthogonality
corrections because they are equivalent to the description
of the continuum states by orthogonalized plane waves
with the projection to bound-states subtracted [10]-[12].
Consider, for example, an ideal two meson state (which
shall be represented by a round ket)
|αβ) = m†αm†β |0 〉 . (A1)
The norm of (A1) can be calculated using (8):
(ρσ|αβ) = δαρ δβ σ + δασ δβ ρ . (A2)
The same calculation can be done for the physical two
meson state
|αβ 〉 = M †αM †β |0 〉 . (A3)
Defining the norm function asN(ρσ;αβ) ≡ 〈 ρσ|αβ 〉 and
using (5), one obtains
N(ρσ;αβ) = δαρ δβ σ −NE(ρσ;αβ) + (ρ↔ σ)
(A4)
9where
NE(ρσ;αβ) = Φ
∗ ξτ
ρ Φ
∗ωλ
σ Φ
ξλ
α Φ
ωτ
β . (A5)
The presence ofNE in (A4) has its origin in the composite
nature of the meson operator Mα and implies that the
two meson state is not normalized as in (A2). A correctly
normalized state would be written as
|αβ 〉 = N− 12 (αβ;α′β′) |α′β′ 〉 . (A6)
Now, consider the following state
|µνα 〉 = q†µ q¯†ν M †α |0 〉 , (A7)
which by a similar procedure can be normalized, resulting
in
|µνα 〉 = N−
1
2
q (µνα;µ
′ν′α′)|µ′ν′α′ 〉 , (A8)
where
Nq(µνα;µ
′ν′α′) = δµµ′δνν′δαα′ −N qE(µνα;µ′ν′α′) (A9)
with
N qE(µνα;µ
′ν′α′) = δµµ′ Φ
∗ξν
α′ Φ
ξν′
α + δνν′ Φ
∗µτ
α′ Φ
µ′τ
α
−Φ∗µνα′ Φµ
′ν′
α . (A10)
A decay in which A → BC is described by an am-
plitude obtained evaluating the following matrix element
〈BC|V |A 〉. In second quantization this is written as
〈BC|V |A 〉 = 〈 0|MαMβVµνq†µ q¯†ν M †γ |0 〉
= Vµν 〈αβ|µνγ 〉 . (A11)
According to what was shown, the state vectors in the de-
cay amplitude (A11) should be replaced by a normalized
version
〈BC|V |A 〉 = Vµν 〈αβ|µνγ 〉
= Vµν N
− 1
2 (αβ;β′α′) 〈α′β′|µ′ν′γ′ 〉
×N− 12q (µ′ν′γ′;µνγ) . (A12)
Defining a potential norm function as
NV (µνα
′β′;µ′ν′γ′) ≡ Vµν 〈α′β′|µ′ν′γ′ 〉
= V1 − V3 (A13)
where Vi, with one or three wave functions, is given by
V1 = Φ
∗µ′ν′
α′ δβ′γ′Vµν + (α
′ ↔ β′)
V3 = Φ
∗µ′τ
α′ Φ
∗ων′
β′ Φ
ωτ
γ′ Vµν + (α
′ ↔ β′) . (A14)
The complete evaluation of the normalized decay ampli-
tude is reduced to the expansion of (A12):
〈BC|V |A 〉 = N− 12 (αβ;β′α′)NV (µνα′β′;µ′ν′γ′)
×N−
1
2
q (µ
′ν′γ′;µνγ) . (A15)
For example, in the lowest order of the expansion
N−
1
2 ≈ 1 + 1
2
NE ; N
− 1
2
q ≈ 1 + 1
2
N qE (A16)
one obtains
〈BC|V |A 〉 ≈ −Φ∗ρξα Φ∗λτβ Φωσγ V (ρξλτ ;ωσ)
+(α↔ β) , (A17)
where
V (ρξλτ ;ωσ) =
(
δ¯ + ∆¯f
)
Vµν , (A18)
with
δ¯ = δµλδνξδωρδστ
∆¯f = f
[
δσξ δλµ ∆(ρτ ;ων) + δξν δλω ∆(ρτ ;µσ)
− 2δσξ δλω ∆(ρτ ;µν)
]
. (A19)
In (A19), f is combinatorial factor with the value f = 1
related to the truncation of (A16) in the lowest order.
When higher orders are considered new contributions
change this factor to the Fock-Tani value f = 1/4 of
(40).
In summary, the essence of the Fock-Tani formalism
is to move the bound-state information from the state
vector (1), written in second quantization, into the inter-
action (38). As shown in the First and Second examples,
this action has different impacts in the physical system.
The new state vector is now the ideal state vector (7)
which satisfies canonical commutation relations (8).
If one chooses not to use the Fock-Tani formalism the
decay amplitude can be evaluated directly by calculating
the 〈BC|V |A 〉 matrix element. As a first approxima-
tion, neglecting the meson’s composite structure, the 3P0
gives a correct leading order contribution to 〈BC|V |A 〉.
To go beyond this lowest order, one needs to calculate
〈BC|V |A 〉 and expand the kernels N , Nq and NV in
(A15), introducing the overlap effects due to the extended
nature of the meson, which constitute the bound-state
corrections.
Appendix B: Wave functions
The Pauli matrices are given by
σx =
(
0 1
1 0
)
; σy =
(
0 −i
i 0
)
; σz =
(
1 0
0 −1
)
(B1)
and the corresponding spinors are
χ1 =
(
1
0
)
; χ2 =
(
0
1
)
; χc1 =
(
0
1
)
; χc2 =
( −1
0
)
.
(B2)
The meson flavor components listed in the decay channels
(a)-(f) depend on the isospin I and strangeness s
1. I = 0
φ, η, η′, h1 → c1√
2
(|uu¯〉+ |dd¯〉)+ c2 |ss¯〉 (B3)
10
2. I = 1/2, s = +1
K+ → −|us¯〉 ; Iz = +1/2
K0 → −|ds¯〉 ; Iz = −1/2 (B4)
3. I = 1/2, s = −1
K¯0 → −|sd¯〉 ; Iz = +1/2
K− → |su¯〉 ; Iz = −1/2 . (B5)
The SU(3) mixing coefficients c1 and c2, in (B3), for
the pseudo-scalar mesons η and η′ are related through
the angle θp
|η〉 = c1(θp)√
2
[|uu¯〉+ |dd¯〉 ]− c2(θp)|ss¯〉
|η′〉 = c2(θp)√
2
[|uu¯〉+ |dd¯〉 ]+ c1(θp)|ss¯〉 . (B6)
Similarly, the coefficients of the vector mesons φ(1020)
and ω(782) are related through angle θv.
|φ〉 = c1(θv)√
2
[|uu¯〉+ |dd¯〉 ]− c2(θv)|ss¯〉
|ω〉 = c2(θv)√
2
[|uu¯〉+ |dd¯〉 ]+ c1(θv)|ss¯〉 , (B7)
where
c1(θi) =
cos θi√
3
−
√
2
3
sin θi
c2(θi) =
√
2
3
cos θi +
sin θi√
3
. (B8)
Equations (B4)-(B5) are also valid mesons to K1, K
∗,
K∗0 and K
∗
2 . In particular, K1(1270) and K1(1400) are
related by mixing angle θ
|K1(1270)〉 = +cos θ
∣∣11P1〉+ sin θ ∣∣13P1〉
|K1(1400)〉 = − sin θ
∣∣11P1〉+ cos θ ∣∣13P1〉 . (B9)
For antikaons there is a change in the sign∣∣K¯1(1270)〉 = − cos θ ∣∣11P1〉+ sin θ ∣∣13P1〉∣∣K¯1(1400)〉 = +sin θ ∣∣11P1〉+ cos θ ∣∣13P1〉 . (B10)
The color wave function is the same for all mesons, is
given by
Ccµcν =
1√
3
δcµcν ; ck = 1, 2, 3 . (B11)
The spin wave functions can be singlet or triplet:
• Singlet (S = 0)
1√
2
(| ↑↓ 〉 − | ↓↑ 〉) ; Sz = 0 (B12)
• Triplet (S = 1)
| ↑↑ 〉 ; Sz = +1
1√
2
(| ↑↓ 〉+ | ↓↑ 〉) ; Sz = 0
| ↓↓ 〉 ; Sz = −1 . (B13)
The spatial wave functions are harmonic oscillator func-
tions, as they describe color confinement and provide an-
alytical amplitudes
Φnl(~Pα − ~pµ − ~pν) = δ(~Pα − ~pµ − ~pν) φnl(~pµ − ~pν) ,
(B14)
where φnl(~pµ − ~pν) is given by
φnl(~pµ − ~pν) =
(
1
2β
)l
Nnl |~pµ − ~pν |l φ(~pµ − ~pν)
×Ll+
1
2
n−1
[
(~pµ − ~pν)2
4β2
]
Ylm(Ω~pµ−~pν ) ,
(B15)
where pµ(ν) is the internal momentum, Ylm spherical har-
monic and β the Gaussian width parameter. The mo-
mentum wave function φ(~pµ−~pν), the normalization con-
stant Nnl and the Laguerre polynomials Ll+
1
2
n−1(p), that
depend on the radial n and orbital l quantum numbers,
are all defined as
Nnl =
[
2 (n− 1)!
β3 Γ(n+ l + 1/2)
] 1
2
Ll+
1
2
n−1(p) =
n∑
k=0
(−)k Γ(n+ l + 1/2)
k! (n− k − 1)! Γ(k + l + 3/2) p
k ,
φ(~pµ − ~pν) = exp
[
− (~pµ − ~pν)
2
8β2
]
(B16)
where n = 1, 2, . . . and l = 0, 1, . . .
Appendix C: Amplitudes
In this appendix, we present the results of the algebraic
decay amplitudes of hfi, for subprocesses of (a)-(f), ob-
tained with the C3P0 model. Defining
11
e1(p, βA, βB, βC) = e
− (
β2
B
+β2
C)p2
8(β2Cβ2A+β2B(β2C+β2A))
e2(p, βA, βB, βC , β) = e
−((
2β2
A
+β2)(β2B+2β2)+β2C(2(β2A+β2B)+5β2))p2
8β2(β2C(β2B+2β2)+β2A(β2B+β2C+2β2)) , (C1)
where βA is the width of the Gaussian initial state of the
meson, βB and βC of the final state mesons and β for the
bound-state correction mesons, one has
Mφ(1020)→KKfi = Cφ(1020)10 Y11 (Ωp) (C2)
Mφ(1680)→KKfi = Cφ(1680)KK10 Y11 (Ωp) (C3)
Mφ(1680)→KK∗fi = Cφ(1680)KK
∗
11 Y10 (Ωp) (C4)
Mφ(1680)→ηφfi = Cφ(1680)ηφ11 Y10 (Ωp) (C5)
Mφ(2050)→KKfi = Cφ(2050)KK10 Y11 (Ωp) (C6)
Mφ(2050)→KK∗fi = Cφ(2050)KK
∗
11 Y10 (Ωp) (C7)
Mφ(2050)→K∗K∗fi = Cφ(2050)K
∗K∗
12 Y1−1 (Ωp) (C8)
Mφ(2050)→KK1(1270)fi = Cφ(2050)KK1(1270)01 Y00 (Ωp)
+ Cφ(2050)KK1(1270)21 Y20 (Ωp)
(C9)
Mφ(2050)→KK1(1400)fi = Cφ(2050)KK1(1400)01 Y00 (Ωp)
+ Cφ(2050)KK1(1400)21 Y20 (Ωp)
(C10)
Mφ(2050)→KK∗0 (1430)fi = Cφ(2050)KK
∗
0 (1430)
20 Y21 (Ωp)
(C11)
Mφ(2050)→KK∗2 (1430)fi = Cφ(2050)KK
∗
0 (1430)
22 Y2−1 (Ωp)
(C12)
Mφ(2050)→KK∗(1410)fi = Cφ(2050)KK
∗(1410)
11 Y10 (Ωp)
(C13)
Mφ(2050)→KK(1460)fi = Cφ(2050)KK(1460)10 Y11 (Ωp) (C14)
Mφ(2050)→ηφfi = Cφ(2050)ηφ11 Y10 (Ωp) (C15)
Mφ(2050)→η′φfi = Cφ(2050)η
′φ
11 Y10 (Ωp) (C16)
Mφ(2050)→ηh1(1380)fi = Cφ(2050)ηh101 Y00 (Ωp)
+ Cφ(2050)ηh121 Y20 (Ωp) (C17)
Mφ1→K∗K∗fi = Cφ1K
∗K∗
12 Y1−1 (Ωp)
+ Cφ1K∗K∗32 Y3−1 (Ωp) (C18)
Mφ2→KKfi = Cφ2KK30 Y32 (Ωp) (C19)
Mφ2→KK∗fi = Cφ2KK
∗
11 Y11 (Ωp)
+ Cφ2KK∗31 Y31 (Ωp) (C20)
Mφ2→K∗K∗fi = Cφ2K
∗K∗
12 Y10 (Ωp)
+ Cφ2K∗K∗32 Y30 (Ωp) (C21)
Mφ2→ηφfi = Cφ2ηφ11 Y11 (Ωp)
+ Cφ2ηφ31 Y31 (Ωp) (C22)
Mφ3→KKfi = Cφ3KK30 Y33 (Ωp) (C23)
Mφ3→KK∗fi = Cφ3KK
∗
31 Y32 (Ωp) (C24)
Mφ3→K∗K∗fi = Cφ3K
∗K∗
12 Y11 (Ωp)
+ Cφ3K∗K∗32 Y31 (Ωp) (C25)
Mφ3→KK1(1270)fi = Cφ3KK1(1270)21 Y22 (Ωp)
+ Cφ3KK1(1270)41 Y42 (Ωp) (C26)
Mφ3→ηφfi = Cφ3ηφ31 Y32 (Ωp) (C27)
where CLS are give by
φ(1020)→ K+K− :
12
Cφ(1020)10 = (cφ1 − cφ2 )
{
f1(pKK , βφ, βK) e1(pKK , βφ, βK , βK)
−cη∆1 cη∆2 f2(pKK , βφ, βK , βη∆) e2(pKK , βφ, βK , βK , βη∆)
−cη′∆1 cη
′
∆
2 f2(pKK , βφ, βK , βη′∆) e2(pKK , βφ, βK , βK , βη′∆)
}
(C28)
f1(p, βA, βB) =
8 p β
3/2
A
(
β2B + β
2
A
)
√
3 (β2B + 2β
2
A)
5/2
(C29)
f2(p, βA, βB, β) =
16 p β
3/2
A β
3
B
(
β2B + β
2
A
) (
β2B + β
2
)
3
√
3 (β4B + 2β
2β2A + 2β
2
B (β
2 + β2A))
5/2
(C30)
φ(1680)→ K+K− :
Cφ(1680)KK10 = (cφ16801 − cφ16802 )
{
f3(pKK , βφ1680 , βK) e1(pKK , βφ1680 , βK , βK)
+cη∆1 c
η∆
2 f4(pKK , βφ1680 , βK , βη∆) e2(pKK , βφ1680 , βK , βK , βη∆)
+c
η′∆
1 c
η′∆
2 f4(pKK , βφ1680 , βK , βη′∆) e2(pKK , βφ1680 , βK , βK , βη′∆)
}
(C31)
f3(p, βA, βB) =
4
√
2 p β
3/2
A
[−3β6B + β4Bβ2A + 20β2Bβ4A + 12β6A − 2β2A (β2B + β2A) p2]
3 (β2B + 2β
2
A)
9/2
(C32)
f4(p, βA, βB, β) =
8
√
2 p β3B β
3/2
A
(
β2B + β
2
)
9 (β4B + 2β
2β2A + 2β
2
B (β
2 + β2A))
9/2
[ (
3β4B
(
β2B + 2β
2
)− 7β4Bβ2A − 6 (β2B + β2)β4A)
(
β4B + 2β
2β2A + 2β
2
B
(
β2 + β2A
))
+ 2
(
β2B + β
2
)2
β2A
(
β2B + β
2
A
)
p2
]
(C33)
φ(1680)→ K+K∗− :
Cφ(1680)KK∗11 = (cφ16801 + cφ16802 )
{
f5(pKK∗ , βφ1680 , βK , β
∗
K) e1(pKK∗ , βφ1680 , βK , β
∗
K)
+cφ∆1 c
φ∆
2 f6(pKK∗ , βφ1680 , βK , βK∗ , βφ∆) e2(pKK∗ , βφ1680 , βK , βK∗ , βφ∆)
+cω∆1 c
ω∆
2 f6(pKK∗ , βφ1680 , βK , βK∗ , βω∆)e2(pKK∗ , βφ1680 , βK , βK∗ , βω∆)
}
(C34)
f5(p, βA, βB, βC) = −
√
2 p β
3/2
B β
3/2
C β
3/2
A
3 (β2Cβ
2
A + β
2
B (β
2
C + β
2
A))
9/2
[
12β6Bβ
6
C − 2β4Bβ4C
(
β2B + β
2
C
)
β2A − 20β2Bβ2C
(
β2B + β
2
C
)2
β4A
−6 (β2B + β2C)3 β6A + p2 (β2B + β2C)2 β2A (2β2Bβ2C + (β2B + β2C)β2A)
]
(C35)
f6(p, βA, βB, βC , β) = − 2
√
2 p β
3/2
B β
3/2
C β
3/2
A
9 (β2Cβ
2
A + β
2
B (β
2
C + β
2
A) + 2 (β
2
C + β
2
A)β
2)
9/2
[
2
(
β2Cβ
2
A + β
2
B
(
β2C + β
2
A
)
+ 2
(
β2C + β
2
A
)
β2
)
× (β4B (6β4C − 7β2Cβ2A − 3β4A)− β2B (7β4Cβ2A + 6β2Cβ4A + 2 (−9β4C + 7β2Cβ2A + 6β4A)β2)− 3
× (4β2Cβ4Aβ2 + 4β4Aβ4 + β4C (β4A − 4β4)))+ β2A (β2B + β2C + 2β2)2 (β2Cβ2A + β2B (2β2C + β2A)
+2
(
β2C + β
2
A
)
β2
)
p2
]
(C36)
φ(1680)→ ηφ :
13
Cφ(1680)ηφ11 = −2
{ [
2cη1c
φ1680
1 c
φ
1 + c
η
2c
φ1680
2 c
φ
2
]
f5(pηφ, βφ1680 , βη, βφ) e1(pηφ, βφ1680 , βη, βφ)
+
[
2cη1c
φ1680
1 c
φ
1 (c
φ∆
1 )
2 + cη2c
φ1680
2 c
φ
2 (c
φ∆
2 )
2
]
f6(pηφ, βφ1680 , βη, βφ, βφ∆) e2(pηφ, βφ1680 , βη, βφ, βφ∆)
+
[
2cη1c
φ1680
1 c
φ
1 (c
ω∆
1 )
2 + cη2c
φ1680
2 c
φ
2 (c
ω∆
2 )
2
]
f6(pηφ, βφ1680 , βη, βφ, βω∆) e2(pηφ, βφ1680 , βη, βφ, βω∆)
}
(C37)
φ(2050)→ K+K− :
Cφ(2050)KK10 = (cφ20501 − cφ20502 )
{
f7(pKK , βφ2050 , βK) e1(pKK , βφ2050 , βK , βK)
+cη∆1 c
η∆
2 f8(pKK , βφ2050 , βK , βη∆) e2(pKK , βφ2050 , βK , βK , βη∆)
+c
η′∆
1 c
η′∆
2 f8(pKK , βφ2050 , βK , βη′∆) e2(pKK , βφ2050 , βK , βK , βη′∆)
}
(C38)
f7(p, βA, βB) =
2
√
2 p β
3/2
A
3
√
5 (β2B + 2β
2
A)
13/2
[
5
(
β2B + 2β
2
A
)2 (
3β6B − 17β4Bβ2A + 16β2Bβ4A + 12β6A
)− 4β2A (β2B + 2β2A)
× (−5β4B + 9β2Bβ2A + 10β4A) p2 + 4β4A (β2B + β2A) p4] (C39)
f8(p, βA, βB, β) =
4
√
2 p β
3/2
A β
3
B
(
β2B + β
2
)
9
√
5 (β4B + 2β
2β2A + 2β
2
B (β
2 + β2A))
13/2
[
5
(
β4B + 2β
2
Bβ
2 − 2β2A
(
β2B + β
2
)) (
3β4B
(
β2B + 2β
2
)
−11β4Bβ2A − 6
(
β2B + β
2
)
β4A
) (
β4B + 2β
2β2A + 2β
2
B
(
β2 + β2A
))2
+ 4 p2
(
β2B + β
2
)2
β2A
× (5 (β6B + 2β4Bβ2)− 9β4Bβ2A − 10 (β2B + β2)β4A) (β4B + 2β2β2A + 2β2B (β2 + β2A))
+4 p4
(
β2B + β
2
)4
β4A
(
β2B + β
2
A
)]
(C40)
φ(2050)→ K+K∗− :
Cφ(2050)KK∗−11 = (cφ20501 + cφ20502 )
{
f9(pKK∗ , βφ2050 , βK , βK∗) e1(pKK∗ , βφ2050 , βK , βK∗)
+cφ∆1 c
φ∆
2 f10(pKK∗ , βφ2050 , βK , βK∗ , βφ∆) e2(pKK∗ , βφ2050 , βK , βK∗ , βφ∆)
+cω∆1 c
ω∆
2 f10(pKK∗ , βφ2050 , βK , βK∗ , βω∆) e2(pKK∗ , βφ2050 , βK , βK∗ , βω∆)
}
(C41)
f9(p, βA, βB, βC) =
p β
3/2
B β
3/2
C β
3/2
A
6
√
10 (β2Cβ
2
A + β
2
B (β
2
C + β
2
A))
13/2
[
20
(
6β10B β
10
C − 5β8Bβ8C
(
β2B + β
2
C
)
β2A − 20β6Bβ6C
× (β2B + β2C)2 β4A + 2β4Bβ4C (β2B + β2C)3 β6A + 14β2Bβ2C (β2B + β2C)4 β8A + 3 (β2B + β2C)5 β10A
)
+4 p2
(
β2B + β
2
C
)2
β2A
(
10β6Bβ
6
C + β
4
Bβ
4
C
(
β2B + β
2
C
)
β2A − 14β2Bβ2C
(
β2B + β
2
C
)2
β4A − 5
× (β2B + β2C)3 β6A
)
+ p4
(
β2B + β
2
C
)4
β4A
(
2β2Bβ
2
C +
(
β2B + β
2
C
)
β2A
)]
(C42)
f10(p, βA, βB, βC , β) =
p β
3/2
B β
3/2
C β
3/2
A
9
√
10 (β2Cβ
2
A + β
2
B (β
2
C + β
2
A) + 2 (β
2
C + β
2
A)β
2)
13/2
[
20
(−β2Cβ2A + β2B (β2C − β2A)
+2
(
β2C − β2A
)
β2
) (
β2Cβ
2
A + β
2
B
(
β2C + β
2
A
)
+ 2
(
β2C + β
2
A
)
β2
)2 (
β4B
(
6β4C − 11β2C
×β2A − 3β4A
)− β2B (11β4Cβ2A + 6β2Cβ4A + 2β2 (−9β4C + 11β2Cβ2A + 6β4A))− 3 (4β2Cβ4Aβ2
+4β4Aβ
4 + β4C
(
β4A − 4β4
)))
+ 4β2A
(
β2B + β
2
C + 2β
2
)2 (
β2Cβ
2
A + β
2
B
(
β2C + β
2
A
)
+ 2
× (β2C + β2A)β2) (β4B (10β4C − 9β2Cβ2A − 5β4A)− β2B (20β4Aβ2 + β4C (9β2A − 30β2)
+2β2Cβ
2
A
(
5β2A + 9β
2
))− 5 (4β2Cβ4Aβ2 + 4β4Aβ4 + β4C (β4A − 4β4))) p2 + β4A
× (β2B + β2C + 2β2)4 (β2Cβ2A + β2B (2β2C + β2A)+ 2 (β2C + β2A)β2) p4
]
(C43)
14
φ(2050)→ K∗+K∗− :
Cφ(2050)K∗+K∗−12 = 2 (cφ20501 − cφ20502 )
{
− f7(pK∗K∗ , βφ2050 , βK∗) e1(pK∗K∗ , βφ2050 , βK∗ , βK∗)
+2cφ∆1 c
φ∆
2 f8(pK∗K∗ , βφ2050 , βK∗ , βφ∆) e2(pK∗K∗ , βφ2050 , βK∗ , βK∗ , βφ∆)
+2cω∆1 c
ω∆
2 f8(pK∗K∗ , βφ2050 , βK∗ , βω∆) e2(pK∗K∗ , βφ2050 , βK∗ , βK∗ , βω∆)
}
(C44)
φ(2050)→ K+K−1 (1270) :
Cφ(2050)KK1(1270)01 = −(cφ20501 + cφ20502 )
{
f11(pKK1 , βφ2050 , βK , βK1) e1(pKK1 , βφ2050 , βK , βK1)
+cη∆1 c
η∆
2 f12(pKK1 , βφ2050 , βK , βK1 , βη∆) e2(pKK1 , βφ2050 , βK , βK1 , βη∆)
+c
η′∆
1 c
η′∆
2 f12(pKK1 , βφ2050 , βK , βK1 , βη′∆) e2(pKK1 , βφ2050 , βK , βK1 , βη′∆)
}
cos θ
+
(cφ20501 − cφ20502 )√
2
{
2 f11(pKK1 , βφ2050 , βK , βK1) e1(pKK1 , βφ2050 , βK , βK1)
−cφ∆1 cφ∆2 f12(pKK1 , βφ2050 , βK , βK1 , βφ∆) e2(pKK1 , βφ2050 , βK , βK1 , βφ∆)
−cω∆1 cω∆2 f12(pKK1 , βφ2050 , βK , βK1 , βω∆) e2(pKK1 , βφ2050 , βK , βK1 , βω∆)
}
sin θ (C45)
Cφ(2050)KK1(1270)21 = −(cφ20501 + cφ20502 )
{
f13(pKK1 , βφ2050 , βK , βK1) e1(pKK1 , βφ2050 , βK , βK1)
+cη∆1 c
η∆
2 f14(pKK1 , βφ2050 , βK , βK1 , βη∆) e2(pKK1 , βφ2050 , βK , βK1 , βη∆)
+c
η′∆
1 c
η′∆
2 f14(pKK1 , βφ2050 , βK , βK1 , βη′∆) e2(pKK1 , βφ2050 , βK , βK1 , βη′∆)
}
cos θ
− (c
φ2050
1 − cφ20502 )√
2
{
f13(pKK1 , βφ2050 , βK , βK1) e1(pKK1 , βφ2050 , βK , βK1)
−2cφ∆1 cφ∆2 f14(pKK1 , βφ2050 , βK , βK1 , βφ∆) e2(pKK1 , βφ2050 , βK , βK1 , βφ∆)
−2cω∆1 cω∆2 f14(pKK1 , βφ2050 , βK , βK1 , βω∆) e2(pKK1 , βφ2050 , βK , βK1 , βω∆)
}
sin θ (C46)
f11(p, βA, βB, βC) =
β
7/2
B β
5/2
C β
3/2
A
12
√
15 (β2Cβ
2
A + β
2
B (β
2
C + β
2
A))
15/2
[
240β2A
(
11β4Bβ
4
C − 14β2Bβ2C
(
β2B + β
2
C
)
β2A
+3
(
β2B + β
2
C
)2
β4A
) (
β2Cβ
2
A + β
2
B
(
β2C + β
2
A
))3
+ 20
(
6β6Bβ
6
C − 33β4Bβ4C
(
β2B + β
2
C
)
β2A
+44β2Bβ
2
C
(
β2B + β
2
C
)2
β4A −
(
β2B + β
2
C
)3
β6A
) (
β2Cβ
2
A + β
2
B
(
β2C + β
2
A
))2
p2 + 4
× (β2B + β2C)2 β2A
(
10β6Bβ
6
C − 7β4Bβ4C
(
β2B + β
2
C
)
β2A − 23β2Bβ2C
(
β2B + β
2
C
)2
β4A
−6 (β2B + β2C)3 β6A
)
p4 +
(
β2B + β
2
C
)4
β4A
(
2β2Bβ
2
C +
(
β2B + β
2
C
)
β2A
)
p6
]
(C47)
15
f12(p, βA, βB, βC , β) = − β
3/2
B β
5/2
C β
3/2
A
18
√
15 (β2C (β
2
B + 2β
2) + (β2B + β
2
C + 2β
2)β2A)
15/2
[
240β2Bβ
2
A
(
β2C
(
β2B + 2β
2
)
+
(
β2B + β
2
C + 2β
2
)
β2A
)3 (
11β4C
(
β2B + 2β
2
)2 − 14β2C (β2B + 2β2) (β2B + β2C + 2β2)β2A
+3
(
β2B + β
2
C + 2β
2
)2
β4A
)
+ 20
(
β2C
(
β2B + 2β
2
)
+
(
β2B + β
2
C + 2β
2
)
β2A
)2 (
6β6C
(
β2B + β
2
)
× (β2B + 2β2)3 − 11β4C (β2B + 2β2)2 (3β2B + 2β2) (β2B + β2C + 2β2)β2A + 2β2C
× (β2B + β2C + 2β2)2 (22β4B + 41β2Bβ2 − 6β4)β4A − (β2B − 22β2) (β2B + β2C + 2β2)3 β6A
)
p2
+4
(
β2B + β
2
C + 2β
2
)2
β2A
(
10β6C
(
β2B + β
2
) (
β2B + 2β
2
)3 − β4C (7β2B − 2β2) (β2B + 2β2)2
× (β2B + β2C + 2β2)β2A − β2C (β2B + β2C + 2β2)2 (23β4B + 72β2Bβ2 + 52β4)β4A − 6
× (β2B + β2C + 2β2)3 (β2B + 3β2)β6A
)
p4 +
(
β2B + 2β
2
) (
β2B + β
2
C + 2β
2
)4
β4A
(
2β2C
× (β2B + β2)+ (β2B + β2C + 2β2)β2A) p6] (C48)
f13(p, βA, βB, βC) = − β
7/2
B β
5/2
C β
3/2
A p
2
60
√
3 (β2Cβ
2
A + β
2
B (β
2
C + β
2
A))
15/2
[
120β10B β
10
C − 420β8Bβ8C
(
β2B + β
2
C
)
β2A − 752β6Bβ6C
× (β2B + β2C)2 β4A + 456β4Bβ4C (β2B + β2C)3 β6A + 888β2Bβ2C (β2B + β2C)4 β8A + 220
× (β2B + β2C)5 β10A + 4 (β2B + β2C)2 β2A (10β6Bβ6C − 7β4Bβ4C (β2B + β2C)β2A − 26β2Bβ2C
× (β2B + β2C)2 β4A − 9 (β2B + β2C)3 β6A
)
p2 +
(
β2B + β
2
C
)4
β4A
(
2β2Bβ
2
C +
(
β2B + β
2
C
)
β2A
)
p4
]
(C49)
f14(p, βA, βB, βC , β) =
β
3/2
B β
5/2
C
(
β2B + 2β
2
)
β
3/2
A p
2
90
√
3 (β2C (β
2
B + 2β
2) + (β2B + β
2
C + 2β
2)β2A)
15/2
[
4
(
30β10C
(
β2B + β
2
) (
β2B + 2β
2
)4
−5β8C
(
β2B + 2β
2
)3 (
β2B + β
2
C + 2β
2
) (
21β2B + 10β
2
)
β2A − 4β4Aβ6C
(
β2B + 2β
2
)2
× (β2B + β2C + 2β2)2 (47β2B + 55β2)+ 6β4C (β2B + β2C + 2β2)3 (19β4B + 28β2Bβ2 − 20β4)
×β6A + 2β2C
(
β2B + β
2
C + 2β
2
)4 (
111β2B + 95β
2
)
β8A + 55
(
β2B + β
2
C + 2β
2
)5
β10A
)
+ 4
× (β2B + β2C + 2β2)2 β2A
(
10β6C
(
β2B + β
2
) (
β2B + 2β
2
)2 − β4C (β2B + β2C + 2β2)
× (7β4B + 12β2Bβ2 − 4β4)β2A − 26β2C (β2B + β2) (β2B + β2C + 2β2)2 β4A − 9β6A
× (β2B + β2C + 2β2)3
)
p2 +
(
β2B + β
2
C + 2β
2
)4
β4A
(
2β2C
(
β2B + β
2
)
+
(
β2B + β
2
C + 2β
2
)
β2A
)
p4
]
(C50)
φ(2050)→ K+K−1 (1400) :
Cφ(2050)KK1(1400)01 = (cφ20501 + cφ20502 )
{
f11(pKK1 , βφ2050 , βK , βK1) e1(pKK1 , βφ2050 , βK , βK1)
+cη∆1 c
η∆
2 f12(pKK1 , βφ2050 , βK , βK1 , βη∆) e2(pKK1 , βφ2050 , βK , βK1 , βη∆)
+c
η′∆
1 c
η′∆
2 f12(pKK1 , βφ2050 , βK , βK1 , βη′∆) e2(pKK1 , βφ2050 , βK , βK1 , βη′∆)
}
sin θ
+
(cφ20501 − cφ20502 )√
2
{
2 f11(pKK1 , βφ2050 , βK , βK1) e1(pKK1 , βφ2050 , βK , βK1)
−cφ∆1 cφ∆2 f12(pKK1 , βφ2050 , βK , βK1 , βφ∆) e2(pKK1 , βφ2050 , βK , βK1 , βφ∆)
−cω∆1 cω∆2 f12(pKK1 , βφ2050 , βK , βK1 , βω∆) e2(pKK1 , βφ2050 , βK , βK1 , βω∆)
}
cos θ (C51)
16
Cφ(2050)KK1(1400)21 = (cφ20501 + cφ20502 )
{
f13(pKK1 , βφ2050 , βK , βK1) e1(pKK1 , βφ2050 , βK , βK1)
+cη∆1 c
η∆
2 f14(pKK1 , βφ2050 , βK , βK1 , βη∆) e2(pKK1 , βφ2050 , βK , βK1 , βη∆)
+c
η′∆
1 c
η′∆
2 f14(pKK1 , βφ2050 , βK , βK1 , βη′∆) e2(pKK1 , βφ2050 , βK , βK1 , βη′∆)
}
sin θ
− (c
φ2050
1 − cφ20502 )√
2
{
f13(pKK1 , βφ2050 , βK , βK1) e1(pKK1 , βφ2050 , βK , βK1)
−2cφ∆1 cφ∆2 f14(pKK1 , βφ2050 , βK , βK1 , βφ∆) e2(pKK1 , βφ2050 , βK , βK1 , βφ∆)
−2cω∆1 cω∆2 f14(pKK1 , βφ2050 , βK , βK1 , βω∆) e2(pKK1 , βφ2050 , βK , βK1 , βω∆)
}
cos θ) (C52)
φ(2050)→ K+K∗−0 (1430) :
Cφ(2050)KK∗0 (1430)20 = (cφ20501 − cφ20502 )
{
cφ∆1 c
φ∆
2 f14(pKK∗0 , βφ2050 , βK , βK∗0 , βφ∆) e2(pKK∗0 , βφ2050 , βK , βK∗0 , βφ∆)
+cω∆1 c
ω∆
2 f14(pKK∗0 , βφ2050 , βK , βK∗0 , βω∆) e2(pKK∗0 , βφ2050 , βK , βK∗0 , βω∆)
}
(C53)
φ(2050)→ K+K∗−2 (1430) :
Cφ(2050)KK2∗(1430)22 =
√
3 (cφ20501 − cφ20502 )
{
f13(pKK∗2 , βφ2050 , βK , βK∗2 ) e1(pKK∗2 , βφ2050 , βK , βK∗2 )
+cφ∆1 c
φ∆
2 f14(pKK∗2 , βφ2050 , βK , βK∗2 , βφ∆) e2(pKK∗2 , βφ2050 , βK , βK∗2 , βφ∆)
+cω∆1 c
ω∆
2 f14(pKK∗2 , βφ2050 , βK , βK∗2 , βω∆) e2(pKK∗2 , βφ2050 , βK , βK∗2 , βω∆)
}
(C54)
φ(2050)→ K+K∗−(1410) :
Cφ(2050)KK∗(1410)11 = (cφ20501 + cφ20502 )
{
f15(pKK∗ , βφ2050 , βK , βK∗) e1(pKK∗ , βφ2050 , βK , βK∗)
+cφ∆1 c
φ∆
2 f16(pKK∗ , βφ2050 , βK , βK∗ , βφ∆) e2(pKK∗ , βφ2050 , βK , βK∗ , βφ∆)
+cω∆1 c
ω∆
2 f16(pKK∗ , βφ2050 , βK , βK∗ , βω∆) e2(pKK∗ , βφ2050 , βK , βK∗ , βω∆)
}
(C55)
f15(p, βA, βB, βC) =
β
3/2
A β
3/2
B β
3/2
C p
24
√
15 (β2Bβ
2
C + β
2
A (β
2
B + β
2
C))
17/2
[
40
(
β2Bβ
2
C + β
2
A
(
β2B + β
2
C
))3 (
18β8Bβ
8
C + β
4
Aβ
4
Bβ
4
C
× (275β2B − 27β2C) (β2B + β2C)− 11β6Aβ2Bβ2C (β2B − 3β2C) (β2B + β2C)2 − 9β8A (β2B − β2C)
× (β2B + β2C)3 − 11β2Aβ6Bβ6C (19β2B + 3β2C)
)
− 4 (β2Bβ2C + β2A (β2B + β2C))2 (30β10B β8C
+2β4Aβ
4
Bβ
4
C
(
265β2B − 3β2C
) (
β2B + β
2
C
)2
+ 30β8A
(−β2B + β2C) (β2B + β2C)4 − 5β2Aβ6Bβ6C
× (β2B + β2C) (61β2B + 12β2C)+ β6Aβ2Bβ2C (β2B + β2C)3 (79β2B + 84β2C)
)
p2 − 2β2A
(
β2B + β
2
C
)2
×
(
20β10B β
8
C + 3β
8
A
(
β2B − β2C
) (
β2B + β
2
C
)4 − 15β4Aβ4Bβ4C (β2B + β2C)2 (5β2B + β2C)− 4β6Aβ2Bβ2C
× (β2B + β2C)3 (4β2B + 3β2C)− 6β2Aβ6Bβ6C (6β4B + 7β2Bβ2C + β4C)
)
p4 − β4Aβ4Bβ2C
(
β2B + β
2
C
)4
× (2β2Bβ2C + β2A (β2B + β2C)) p6] (C56)
17
f16(p, βA, βB, βC , β) = − β
3/2
A β
3/2
B β
3/2
C p
36
√
15 (β2C (β
2
B + 2β
2) + β2A (β
2
B + β
2
C + 2β
2))
17/2
[
40
(
β2C
(
β2B + 2β
2
)
+ β2A
× (β2B + β2C + 2β2))3
(
18β8C
(
β2B + β
2
) (
β2B + 2β
2
)3 − 9β8A (β2B − β2C + 2β2)
× (β2B + β2C + 2β2)3 + 11β6Aβ2C (β2B + β2C + 2β2)2 (−β4B + 24β4 + β2B (3β2C + 10β2))
−11β2Aβ6C
(
β2B + 2β
2
)2 (
19β4B + 24β
4 + β2B
(
3β2C + 50β
2
))
+ β4Aβ
4
C
(
β2B + 2β
2
)
× (β2B + β2C + 2β2) (275β4B − 36β2Cβ2 + β2B (−27β2C + 550β2)))− 4 (β2C (β2B + 2β2)+ β2A
× (β2B + β2C + 2β2))2
(
30β8C
(
β2B + β
2
) (
β2B + 2β
2
)4 − 30β8A (β2B − β2C + 2β2)
× (β2B + β2C + 2β2)4 − 5β2Aβ6C (β2B + 2β2)2 (β2B + β2C + 2β2) (61β4B + 4β2 (3β2C + 25β2)
+4β2B
(
3β2C + 43β
2
))
+ β6Aβ
2
C
(
β2B + β
2
C + 2β
2
)3 (
79β4B + 60β
2
Cβ
2 + 820β4 + β2B
× (84β2C + 568β2))+ 2β4Aβ4C (β2B + 2β2) (β2B + β2C + 2β2)2 (265β4B − 30β2Cβ2 + 190β4
+β2B
(−3β2C + 625β2))) p2 − 2β2A (β2B + β2C + 2β2)2 (β2C (β2B + 2β2)+ β2A
× (β2B + β2C + 2β2))
(
20β6C
(
β2B + β
2
) (
β2B + 2β
2
)3
+ 3β6A
(
β2B − β2C + 2β2
)
× (β2B + β2C + 2β2)3 − 2β2Aβ4C (β2B + 2β2) (β2B + β2C + 2β2) (28β4B + 3β2Cβ2 + 38β4
+3β2B
(
β2C + 25β
2
))− β4Aβ2C (β2B + β2C + 2β2)2 (19β4B + 9β2B (β2C + 10β2)+ 4β2
× (3β2C + 26β2))) p4 − β4Aβ2C (β2B + 2β2)2 (β2B + β2C + 2β2)4 (2β2C (β2B + β2)+ β2A(
β2B + β
2
C + 2β
2
))
p6
]
(C57)
φ(2050)→ K+K−(1460) :
Cφ(2050)KK(1460)10 = −(cφ20501 − cφ20502 )
{
f15(pKK1460 , βφ2050 , βK , βK1460) e1(pKK1460 , βφ2050 , βK , βK1460)
+cη∆1 c
η∆
2 f16(pKK1460 , βφ2050 , βK , βK1460 , βη∆) e2(pKK1460 , βφ2050 , βK , βK1460 , βη∆)
+c
η′∆
1 c
η′∆
2 f16(pKK1460 , βφ2050 , βK , βK1460 , βη′∆) e2(pKK1460 , βφ2050 , βK , βK1460 , βη′∆)
}
(C58)
φ(2050)→ ηφ :
Cφ(2050)ηφ11 = 2
{(
2cη1c
φ
1 c
φ2050
1 + c
η
2c
φ
2 c
φ2050
2
)
f9(pηφ, βφ2050 , βη, βφ) e1(pηφ, βφ2050 , βη, βφ)
−
(
2cη1c
φ
1 c
φ2050
1 (c
φ∆
1 )
2 + cη2c
φ
2 c
φ2050
2 (c
φ∆
2 )
2
)
f10(pηφ, βφ2050 , βη, βφ, βφ∆) e2(pηφ, βφ2050 , βη, βφ, βφ∆)
−
(
2cη1c
φ
1 c
φ2050
1 (c
ω∆
1 )
2 + cη2c
φ
2 c
φ2050
2 (c
ω∆
2 )
2
)
f10(pηφ, βφ2050 , βη, βφ, βω∆) e2(pηφ, βφ2050 , βη, βφ, βω∆)
}
(C59)
φ(2050)→ η′φ :
Cφ(2050)η′φ11 = 2
{(
2cη
′
1 c
φ
1 c
φ2050
1 + c
η′
2 c
φ
2 c
φ2050
2
)
f9(pη′φ, βφ2050 , βη′ , βφ) e1(pη′φ, βφ2050 , βη′ , βφ)
−
(
2cη
′
1 c
φ
1 c
φ2050
1 (c
φ∆
1 )
2 + cη
′
2 c
φ
2 c
φ2050
2 (c
φ∆
2 )
2
)
f10(pη′φ, βφ2050 , βη′ , βφ, βφ∆) e2(pη′φ, βφ2050 , βη′ , βφ, βφ∆)
−
(
2cη
′
1 c
φ
1 c
φ2050
1 (c
ω∆
1 )
2 + cη
′
2 c
φ
2 c
φ2050
2 (c
ω∆
2 )
2
)
f10(pη′φ, βφ2050 , βη′ , βφ, βω∆) e2(pη′φ, βφ2050 , βη′ , βφ, βω∆)
}
(C60)
φ(2050)→ ηh1(1380) :
Cφ(2050)ηh101 = 2
{
−(2ch11 cη1cφ20501 + ch12 cη2cφ20502 )f11(pηh1 , βφ2050 , βη, βh1) e1(pηh1 , βφ2050 , βη, βh1)
+
(
2ch11 c
η
1(c
η∆
1 )
2cφ20501 + c
h1
2 c
η
2(c
η∆
2 )
2cφ20502
)
f12(pηh1 , βφ2050 , βη, βh1 , βη∆) e2(pηh1 , βφ2050 , βη, βh1 , βη∆)
+
(
2ch11 c
η
1(c
η′∆
1 )
2cφ20501 + c
h1
2 c
η
2(c
η′∆
2 )
2cφ20502
)
f12(pηh1 , βφ2050 , βη, βh1 , βη′∆) e2(pηh1 , βφ2050 , βη, βh1 , βη′∆)
}
(C61)
18
Cφ(2050)ηh121 = 2
{
−(2ch11 cη1cφ20501 + ch12 cη2cφ20502 )f13(pηh1 , βφ2050 , βη, βh1) e1(pηh1 , βφ2050 , βη, βh1)
+
(
2ch11 c
η
1(c
η∆
1 )
2cφ20501 + c
h1
2 c
η
2(c
η∆
2 )
2cφ20502
)
f14(pηh1 , βφ2050 , βη, βh1 , βη∆) e2(pηh1 , βφ2050 , βη, βh1 , βη∆)
+
(
2ch11 c
η
1(c
η′∆
1 )
2cφ20501 + c
h1
2 c
η
2(c
η′∆
2 )
2cφ20502
)
f14(pηh1 , βφ2050 , βη, βh1 , βη′∆) e2(pηh1 , βφ2050 , βη, βh1 , βη′∆)
}
(C62)
φ1(1850)→ K∗+K∗− :
Cφ1K∗K∗12 = (cφ11 − cφ12 )
{
f17(pK∗K∗ , βφ1 , βK∗) e1(pK∗K∗ , βφ1 , βK∗ , βK∗)
+cφ∆1 c
φ∆
2 f18(pK∗K∗ , βφ1 , βK∗ , βφ∆) e2(pK∗K∗ , βφ1 , βK∗ , βK∗ , βφ∆)
+cω∆1 c
ω∆
2 f18(pK∗K∗ , βφ1 , βK∗ , βω∆) e2(pK∗K∗ , βφ1 , βK∗ , βK∗ , βω∆)
}
(C63)
Cφ1K∗K∗32 = (cφ11 − cφ12 )
{
f19(pK∗K∗ , βφ1 , βK∗) e1(pK∗K∗ , βφ1 , βK∗ , βK∗)
+cφ∆1 c
φ∆
2 f20(pK∗K∗ , βφ1 , βK∗ , βφ∆) e2(pK∗K∗ , βφ1 , βK∗ , βK∗ , βφ∆)
+cω∆1 c
ω∆
2 f20(pK∗K∗ , βφ1 , βK∗ , βω∆) e2(pK∗K∗ , βφ1 , βK∗ , βK∗ , βω∆)
}
(C64)
f17(p, βA, βB) =
16
√
2β
7/2
A p
(−5 (2β2Aβ2B + β4B)+ (β2A + β2B) p2)
15
√
5 (2β2A + β
2
B)
9/2
(C65)
f18(p, βA, βB, β) =
64
√
2β
7/2
A β
3
B
(
β2 + β2B
)
p
(
5
(
2b2β2Aβ
4
B + 2
(
β2 + β2A
)
β6B + β
8
B
)− (β2 + β2B)2 (β2A + β2B) p2
)
45
√
5 (2b2β2A + 2 (β
2 + β2A)β
2
B + β
4
B)
9/2
(C66)
f19(p, βA, βB) = −
32β
7/2
A
(
β2B + β
2
A
)
p3
5
√
35 (β2B + 2β
2
A)
9/2
(C67)
f20(p, βA, βB, β) =
128β3Bβ
7/2
A
(
β2B + β
2
A
) (
β2B + β
2
)3
p3
15
√
35 (β4B + 2β
2
Aβ
2 + 2β2B (β
2
A + β
2))
9/2
(C68)
φ2(1850)→ K+K− :
Cφ2KK30 =
5
√
2
12
(cφ21 − cφ22 )
{
cφ∆1 c
φ∆
2 f20(pKK , βφ2 , βK , βφ∆) e2(pKK , βφ2 , βK , βK , βφ∆)
+cω∆1 c
ω∆
2 f20(pKK , βφ2 , βK , βω∆) e2(pKK , βφ2 , βK , βK , βω∆)
}
(C69)
φ2(1850)→ K+K∗− :
Cφ2KK∗11 = (cφ21 + cφ22 )
{
f21(pKK∗ , βφ2 , βK , βK∗) e1(pKK∗ , βφ2 , βK , βK∗)
+cφ∆1 c
φ∆
2 f22(pKK∗ , βφ2 , βK , βK∗ , βφ∆) e2(pKK∗ , βφ2 , βK , βK∗ , βφ∆)
+cω∆1 c
ω∆
2 f22(pKK∗ , βφ2 , βK , βK∗ , βω∆) e2(pKK∗ , βφ2 , βK , βK∗ , βω∆)
}
(C70)
Cφ2KK∗31 = (cφ21 + cφ22 )
{
f23(pKK∗ , βφ2 , βK , βK∗) e1(pKK∗ , βφ2 , βK , βK∗)
+cφ∆1 c
φ∆
2 f24(pKK∗ , βφ2 , βK , βK∗ , βφ∆) e2(pKK∗ , βφ2 , βK , βK∗ , βφ∆)
+cω∆1 c
ω∆
2 f24(pKK∗ , βφ2 , βK , βK∗ , βω∆) e2(pKK∗ , βφ2 , βK , βK∗ , βω∆)
}
(C71)
19
f21(p, βA, βB, βC) =
2β
3/2
B β
3/2
C
(
β2B + β
2
C
)
β
7/2
A p
5 (β2Cβ
2
A + β
2
B (β
2
C + β
2
A))
9/2
[
20
(
β2Bβ
4
Cβ
2
A + β
4
Bβ
2
C
(
β2C + β
2
A
))− (β2B + β2C)
× (2β2Bβ2C + (β2B + β2C)β2A) p2] (C72)
f22(p, βA, βB, βC , β) = −
4β
3/2
B β
3/2
C β
7/2
A
(
β2B + β
2
C + 2β
2
)
p
45 (β2C (β
2
B + 2β
2) + β2A (β
2
B + β
2
C + 2β
2))
9/2
[
20β2Bβ
2
C
(
β2C
(
β2B + 2β
2
)
+ β2A
× (β2B + β2C + 2β2))− (β2B + β2C + 2β2) (2β2C (β2B + β2)+ β2A (β2B + β2C + 2β2)) p2]
(C73)
f23(p, βA, βB, βC) = −
2
√
2
7β
3/2
B β
3/2
C
(
β2B + β
2
C
)2
β
7/2
A
(
2β2Bβ
2
C +
(
β2B + β
2
C
)
β2A
)
p3
15 (β2Cβ
2
A + β
2
B (β
2
C + β
2
A))
9/2
(C74)
f24(p, βA, βB, βC , β) = −
4
√
2
7β
3/2
B β
3/2
C β
7/2
A
(
β2B + β
2
C + 2β
2
)2 (
2β2C
(
β2B + β
2
)
+ β2A
(
β2B + β
2
C + 2β
2
))
p3
15 (β2C (β
2
B + 2β
2) + β2A (β
2
B + β
2
C + 2β
2))
9/2
(C75)
φ2(1850)→ K∗+K∗− :
Cφ2K∗K∗12 = −
√
10 (cφ21 − cφ22 )
{
f17(pK∗K∗ , βφ2 , βK∗) e1(pK∗K∗ , βφ2 , βK∗ , βK∗)
+cφ∆1 c
φ∆
2 f18(pK∗K∗ , βφ2 , βK∗ , βφ∆) e2(pK∗K∗ , βφ2 , βK∗ , βK∗ , βφ∆)
+cω∆1 c
ω∆
2 f18(pK∗K∗ , βφ2 , βK∗ , βω∆) e2(pK∗K∗ , βφ2 , βK∗ , βK∗ , βω∆)
}
(C76)
Cφ2K∗K∗32 = −
√
5
3
(cφ21 − cφ22 )
{
f19(pK∗K∗ , βφ2 , βK∗) e1(pK∗K∗ , βφ2 , βK∗ , βK∗)
+cφ∆1 c
φ∆
2 f20(pK∗K∗ , βφ2 , βK∗ , βφ∆) e2(pK∗K∗ , βφ2 , βK∗ , βK∗ , βφ∆)
+cω∆1 c
ω∆
2 f20(pK∗K∗ , βφ2 , βK∗ , βω∆) e2(pK∗K∗ , βφ2 , βK∗ , βK∗ , βω∆)
}
(C77)
φ2(1850)→ ηφ :
Cφ2ηφ11 = −2
{
(2cη1c
φ
1 c
φ2
1 + c
η
2c
φ
2 c
φ2
2 ) f21(pηφ, βφ2 , βη, βφ) e1(pηφ, βφ2 , βη, βφ)
+
(
2cη1c
φ
1 c
φ2
1 (c
φ∆
1 )
2 + cη2c
φ
2 c
φ2
2 (c
φ∆
2 )
2
)
f22(pηφ, βφ2 , βη, βφ, βφ∆) e2(pηφ, βφ2 , βη, βφ, βφ∆)
+
(
2cη1c
φ
1 c
φ2
1 (c
ω∆
1 )
2 + cη2c
φ
2 c
φ2
2 (c
ω∆
2 )
2
)
f22(pηφ, βφ2 , βη, βφ, βω∆) e2(pηφ, βφ2 , βη, βφ, βω∆)
}
(C78)
Cφ2ηφ31 = −2
{
(2cη1c
φ
1 c
φ2
1 + c
η
2c
φ
2 c
φ2
2 ) f23(pηφ, βφ2 , βη, βφ) e1(pηφ, βφ2 , βη, βφ)
+
(
2cη1c
φ
1 c
φ2
1 (c
φ∆
1 )
2 + cη2c
φ
2 c
φ2
2 (c
φ∆
2 )
2
)
f24(pηφ, βφ2 , βη, βφ, βφ∆) e2(pηφ, βφ2 , βη, βφ, βφ∆)
+
(
2cη1c
φ
1 c
φ2
1 (c
ω∆
1 )
2 + cη2c
φ
2 c
φ2
2 (c
ω∆
2 )
2
)
f24(pηφ, βφ2 , βη, βφ, βω∆) e2(pηφ, βφ2 , βη, βφ, βω∆ )
}
(C79)
φ3(1850)→ K+K− :
Cφ3KK30 = −
5
4
(cφ31 − cφ32 )
{
2 f19(pKK , βφ3 , βK) e1(pKK , βφ3 , βK , βK)
+cη∆1 c
η∆
2 f20(pKK , βφ3 , βK , βη∆) e2(pKK , βφ3 , βK , βK , βη∆)
+c
η′∆
1 c
η′∆
2 f20(pKK , βφ3 , βK , βη′∆) e2(pKK , βφ3 , βK , βK , βη′∆)
}
(C80)
20
φ3(1850)→ K+K∗− :
Cφ3KK∗31 = −
√
5
6
(cφ31 + c
φ3
2 )
{
3 f23(pKK∗ , βφ3 , βK , βK∗) e1(pKK∗ , βφ3 , βK , βK∗)
+cφ∆1 c
φ∆
2 f24(pKK∗ , βφ3 , βK , βK∗ , βφ∆) e2(pKK∗ , βφ3 , βK , βK∗ , βφ∆)
+cω∆1 c
ω∆
2 f24(pKK∗ , βφ3 , βK , βK∗ , βω∆) e2(pKK∗ , βφ3 , βK , βK∗ , βω∆)
}
(C81)
φ3(1850)→ K∗+K∗− :
Cφ3K∗K∗12 = 6
√
5
3
(cφ31 − cφ32 )
{
f17(pK∗K∗ , βφ3 , βK∗) e1(pK∗K∗ , βφ3 , βK∗ , βK∗)
+cφ∆1 c
φ∆
2 f18(pK∗K∗ , βφ3 , βK∗ , βφ∆) e2(pK∗K∗ , βφ3 , βK∗ , βK∗ , βφ∆)
+cω∆1 c
ω∆
2 f18(pK∗K∗ , βφ3 , βK∗ , βω∆) e2(pK∗K∗ , βφ3 , βK∗ , βK∗ , βω∆)
}
(C82)
Cφ3K∗K∗32 =
√
5
3
(cφ31 − cφ32 )
{
f19(pK∗K∗ , βφ3 , βK∗) e1(pK∗K∗ , βφ3 , βK∗ , βK∗)
+cφ∆1 c
φ∆
2 f20(pK∗K∗ , βφ3 , βK∗ , βφ∆) e2(pK∗K∗ , βφ3 , βK∗ , βK∗ , βφ∆)
+cω∆1 c
ω∆
2 f20(pK∗K∗ , βφ3 , βK∗ , βω∆) e2(pK∗K∗ , βφ3 , βK∗ , βK∗ , βω∆)
}
(C83)
φ3(1850)→ K+K−1 (1270) :
Cφ3KK1(1270)21 = (cφ20501 + cφ32 )
{
f25(pKK1 , βφ3 , βK , βK1) e1(pKK1 , βφ3 , βK , βK1)
+cη∆1 c
η∆
2 f26(pKK1 , βφ3 , βK , βK1 , βη∆) e2(pKK1 , βφ3 , βK , βK1 , βη∆)
+c
η′∆
1 c
η′∆
2 f26(pKK1 , βφ3 , βK , βK1 , βη′∆) e2(pKK1 , βφ3 , βK , βK1 , βη′∆)
}
cos θ
+(cφ31 − cφ32 )
{
f27(pKK1 , βφ3 , βK , βK1) e1(pKK1 , βφ3 , βK , βK1)
+cφ∆1 c
φ∆
2 f28(pKK1 , βφ3 , βK , βK1 , βφ∆) e2(pKK1 , βφ3 , βK , βK1 , βφ∆)
+cω∆1 c
ω∆
2 f28(pKK1 , βφ3 , βK , βK1 , βω∆) e2(pKK1 , βφ3 , βK , βK1 , βω∆)
}
sin θ (C84)
Cφ3KK1(1270)41 = (cφ31 + cφ32 )
{
f29(pKK1 , βφ3 , βK , βK1) e1(pKK1 , βφ3 , βK , βK1)
+cη∆1 c
η∆
2 f30(pKK1 , βφ3 , βK , βK1 , βη∆) e2(pKK1 , βφ3 , βK , βK1 , βη∆)
+c
η′∆
1 c
η′∆
2 f30(pKK1 , βφ3 , βK , βK1 , βη′∆) e2(pKK1 , βφ3 , βK , βK1 , βη′∆)
}
cos θ
+(cφ31 − cφ32 )
√
2
{
−1
2
f29(pKK1 , βφ3 , βK , βK1) e1(pKK1 , βφ3 , βK , βK1)
+cφ∆1 c
φ∆
2 f30(pKK1 , βφ3 , βK , βK1 , βφ∆) e2(pKK1 , βφ3 , βK , βK1 , βφ∆)
+cω∆1 c
ω∆
2 f30(pKK1 , βφ3 , βK , βK1 , βω∆) e2(pKK1 , βφ3 , βK , βK1 , βω∆ )
}
sin θ (C85)
f25(p, βA, βB, βC) =
√
2β
7/2
B β
5/2
C
(
β2B + β
2
C
)
β
7/2
A p
2
7
√
15 (β2Cβ
2
A + β
2
B (β
2
C + β
2
A))
11/2
[
28
(
4β4Bβ
4
C + 5β
2
Bβ
2
C
(
β2B + β
2
C
)
β2A +
(
β2B + β
2
C
)2
β4A
)
−3 (β2B + β2C) (2β2Bβ2C + (β2B + β2C)β2A) p2] (C86)
f26(p, βA, βB, βC , β) = −
2
√
2β
3/2
B β
5/2
C
(
β2B + β
2
C + 2β
2
)
β
7/2
A p
2
21
√
15 (β2C (β
2
B + 2β
2) + (β2B + β
2
C + 2β
2)β2A)
11/2
[
28
(
4β4C
(
β2B + β
2
) (
β2B + 2β
2
)2
+β2C
(
β2B + β
2
C + 2β
2
) (
5β4B + 18β
2
Bβ
2 + 16β4
)
β2A +
(
β2B + β
2
C + 2β
2
)2 (
β2B + 4β
2
)
β4A
)
−3 (β2B + 2β2) (β2B + β2C + 2β2) (2β2C (β2B + β2)+ (β2B + β2C + 2β2)β2A) p2] (C87)
21
f27(p, βA, βB, βC) =
4β
7/2
B β
5/2
C
(
β2B + β
2
C
)
β
7/2
A p
2
7
√
15 (β2Cβ
2
A + β
2
B (β
2
C + β
2
A))
11/2
[
28
(
β2Bβ
4
Cβ
2
A + β
4
Bβ
2
C
(
β2C + β
2
A
))− (β2B + β2C)
(
2β2Bβ
2
C +
(
β2B + β
2
C
)
β2A
)
p2
]
(C88)
f28(p, βA, βB, βC , β) = −
2β
3/2
B β
5/2
C β
7/2
A
(
β2B + β
2
C + 2β
2
)2
p2
21
√
15 (β2Cβ
2
A + β
2
B (β
2
C + β
2
A) + 2 (β
2
C + β
2
A)β
2)
11/2
[
28 β2Bβ
2
A
(
β2Cβ
2
A + β
2
B
(
β2C + β
2
A
)
+2
(
β2C + β
2
A
)
β2
)
+
(
β2B + 2β
2
) (
β2Cβ
2
A + β
2
B
(
2β2C + β
2
A
)
+ 2
(
β2C + β
2
A
)
β2
)
p2
]
(C89)
f29(p, βA, βB, βC) =
√
2β
7/2
B β
5/2
C
(
β2B + β
2
C
)2
β
7/2
A
(
2β2Bβ
2
C +
(
β2B + β
2
C
)
β2A
)
p4
21
√
5 (β2Cβ
2
A + β
2
B (β
2
C + β
2
A))
11/2
(C90)
f30(p, βA, βB, βC , β) = −
2
√
2β
3/2
B β
5/2
C
(
β2B + 2β
2
) (
β2B + β
2
C + 2β
2
)2
β
7/2
A p
4
63
√
5 (β2C (β
2
B + 2β
2) + (β2B + β
2
C + 2β
2)β2A)
11/2
(C91)
φ3(1850)→ ηφ :
Cφ3ηφ31 =
√
10
3
{
3 (2cη1c
φ
1 c
φ3
1 + c
η
2c
φ
2 c
φ3
2 ) f23(pηφ, βφ3 , βη, βφ) e1(pηφ, βφ3 , βη, βφ)
+
(
2cη1c
φ
1 c
φ3
1 (c
φ∆
1 )
2 + cη2c
φ
2 c
φ3
2 (c
φ∆
2 )
2
)
f24(pηφ, βφ3 , βη, βφ, βφ∆) e2(pηφ, βφ3 , βη, βφ, βφ∆)
+
(
2cη1c
φ
1 c
φ3
1 (c
ω∆
1 )
2 + cη2c
φ
2 c
φ3
2 (c
ω∆
2 )
2
)
f24(pηφ, βφ3 , βη, βφ, βω∆) e2(pηφ, βφ3 , βη, βφ, βω∆)
}
(C92)
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